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Little Red Dots from Small-Scale Primordial Black Hole Clustering
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The James Webb Space Telescope (JWST) observations have identified a class of compact galax-
ies at high redshifts (4 < z < 11), dubbed “little red dots” (LRDs). The supermassive black holes
(SMBHs) of 10°°® M, in LRDs favor a heavy-seed origin. We propose a mechanism for their forma-
tion: (Clusters of primordial black holes, formed through long-short mode coupling on small scales in
the early Universe, undergo sequential mergers over extended timescales. This mechanism can evade
cosmic microwave background distortions and result in heavy-seed SMBHs via runaway mergers.
We employ Monte Carlo simulations to solve the Smoluchowski coagulation equation and determine
the runaway merging timescale. The resulting [stochastic gravitational wave background offers a
distinct signature of this process, and the forming SMBHs can be highly spinning at their formation
due to the spin residual of the cluster from tidal fields. This mechanism may explain the rapidly

spinning SMBHs in LRDs under the assumption of obscured active galactic nuclei.

Introduction and Summary.— The James Webb
Space Telescope (JWST) has recently discovered a class
of compact, red-hued galaxies at high redshifts (4 < z <
11), dubbed “little red dots” (LRDs) [1-5], for which the
origin remains open. Moreover, around 80% of these
galaxies display broad Balmer emission lines, suggesting
that they host active galactic nuclei (AGNs) with central
supermassive black holes (SMBHs) of 1078 M, [6-15].

SMBHs in LRDs could be of primordial origin from the
high-density perturbations in the early Universe. While
primordial black holes (PBHs) produced from direct col-
lapse generally harbor small spin [16, 17] and are ex-
cluded for heavy seeds > 10* Mg by cosmic microwave
background (CMB) distortions given the nearly Gaus-
sian primordial density perturbations [18, 19].

In this Letter, we propose a mechanism wherein a high-
redshift spinning SMBH can originate from successive
mergers of PBHs in an initial small-scale cluster, which
avoids the CMB constraints. Although the high spin,
resulting in high radiative efficiency, limits their growth
by gas accretion, a runaway merger of PBHs in the clus-
ter can give rise to heavy-seed SMBHs favored in LRDs.
Besides, based on the Sottan argument [20], slower accre-
tion growth could reconcile the SMBH mass density at
z ~ 4-5 under the obscured AGN hypothesis [21].

As a proof of concept, we consider the primordial
power spectrum consisting of two components: short (k)
and long (k;) wavelength modes, where the characteristic
length scale rppn ~ 1/ks of a PBH, and that of a cluster
is r¢ ~ 1/k;. Here we take ks ~ 2.5pc™! at the horizon-
exit for PBHs of mass mppn =~ 30 Mg [22]. Single PBHs
virialized in a cluster with number density n¢ will form
binaries via the emission of gravitational radiation dur-
ing close encounters and eventually merge. The fraction
of PBHs that will coalesce over a time period At can be
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computed as:
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is the merging cross section [23, 24]. Here, G is the New-
ton’s constant, ¢ is the speed of light, m; and mso are
the masses of the two PBHs in a close encounter, and
their relative velocity is vpe) & vyiy = \/GMe1/Tvir, the
virial velocity of the cluster, where M, is the cluster mass
within the virial radius 7. To form a SMBH via merg-
ers of an initial population of N;, PBHs of equal mass
Mpbh, We can estimate the timescale over which half of
the PBHs in the cluster coalesce into larger ones, by

1 Ng\ '
~ 1.07Gyr< 1)
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which indicates that ng = 3Ny /4mrd, > 3 x 107 pc~3 is
required for the emergence of a ~ 10° M, SMBH within
the first billion years after the Big Bang. This estimate is
conservative, as during mergers the merging cross section
increases as PBHs coalesce into bigger ones, until the
runaway merger results. Then the question is: how can
such a dense cluster be generated in the early Universe?

Clusters of this kind may arise from the modulation of
the overdensity field at the PBH formation scale (ks) by
long-wavelength (k;) modes on larger scales, through var-
ious mechanisms such as local-type non-Gaussianity [22,
25-37], closed domain walls [38-40], multistream infla-
tion [41, 42], long-range scalar forces [43], quantum dif-
fusion [44-46], or correlated bubble collisions [47]. A sim-
ple parametrization of the long-mode spatial modulation
is given by [22]:

v(@) = vy (1+n®(2)) , (4)
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where 7 is the coupling strength between long and short
modes, ®;(x) is the long-mode field, and v, = 0./5, is the
reduced threshold of the short mode without modulation,
with 6, ~ 0.414 during the radiation era [48], and 52 =
(62) the variance of §, averaged over the whole space.
Both the long- and short-mode density fields are assumed
to follow Gaussian distributions. In this study, we fix
vy = 8.5 to generate a sufficiently large initial clustering
amplitude and to achieve an adequate PBH abundance
(see Egs. 6 and 7), resulting in &5 ~ 0.0487. The variance
of the long-mode, ‘7127 is set to be o7 >~ 0.0064 in order to
evade the CMB p-distortion constraint [18, 19].

After the cluster decouples from the Hubble flow and
undergoes virialization, we use the Smoluchowski coag-
ulation equation [49-51] to model the PBH population
evolution during successive mergers and to calculate the
associated gravitational wave (GW) signals. The merger
process may last from millions to billions of years, during
which the cluster can acquire a significant amount of an-
gular momentum from tidal fields, such that the resulting
SMBH inherits a large spin.

Fig. 1 summarizes the parameter space in terms of the
modulation strength |n| and the comoving wavenumber
ratio k;/ks, where PBH clusters can form and potentially
explain the origin of LRDs (light-gray region) via run-
away mergers. The remaining regions represent param-
eter ranges where SMBHs at high redshift cannot form
through mergers, as will be discussed in the following
sections.
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FIG. 1: The |n|-(ki/ks) parameter plane for v, = 8.5,
k = 07/ds = 0.1313, chosen to satisfy the stringent
CMB p-distortion constraint. The light-gray region de-
notes the parameter space consistent with observational
bounds that permits the formation of high-spin SMBHs
(105% Mg) in LRDs at high redshifts.

Initial Small-Scale PBH Clustering.— According to
Eq. 4, for |n| # 0, the long-mode-induced modulation can
generate a significant two-point correlation that remains
nearly constant within the clustering scale ¢ ~ 1/k;:

fpbh(r) ~ {500177 T S_, Tcl; (5)

r>Tel,

where the subscript denotes coupling strength a(n, k) =
denk with K = /75 ~ 0.1313 the ratio of variance of long
to short mode. In our setting, &, ~ 10° given |n| ~ 14.
The fraction of PBHs relative to the total dark matter
abundance, defined as fppn = Qpbn/Qam, also depends on
the long-short mode coupling ||, and is given by [18, 19]:
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where g, is the number of relativistic degrees of freedom
at the time of PBH formation, and [22]
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so the coupling strength enhances the PBH abundance.
The properties of the PBH cluster depend on the com-
bination fybna, which is a function of a(n, k) and k;/ks.
In particular, the condition 0.85fypnée > 1 (as shown in
Fig. 1) must be satisfied for decoupling before the matter-
radiation equality. It turns out fypn ~ 107° is sufficient
to explain the SMBH abundance given the strong corre-
lation &, ~ 108. The cluster parameters are summarized

below [36, 37] (see also Supplemental Material).

e The Number Density: After the cluster decouples
from the Universe’s expansion, its number density
can be treated as fixed [36, 37:

4
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where the compactness parameter C' = 20 [52] is
adopted to characterize the cluster’s overdensity af-
ter virialization. The number density n. is only de-
termined by the combination fpphés, and therefore
remains constant after decoupling regardless of the
cluster size rq ~ 1/k; at formation. A strong cou-
pling 7 boosts the clustering via ne oc (fppnéa)?.

o The Cluster Mass: The total mass of the cluster is
given by:
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which scales as 7‘?1 ~1/ kl?’, implying that the wave-
length of the long mode primarily determines the
total mass of the cluster and ultimately sets the
mass scale of the final SMBH. As n., is nearly inde-
pendent of r, a longer-wavelength mode (smaller
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FIG. 2: PBH mass population evolution in a cluster of Ny = 10° from redshift z ~ 11.5-6.0 with
ne = 2.0 x 108 pc™3 and vy, = 512kms™! corresponding to || ~ 14.34 and log (k;/ks) ~ —4.38 in Fig. 1.

k;) results in a larger cluster volume and hence a
greater number of PBHs, N = Mg /mppn. There-
fore, for a fixed M., the number of PBHs in the
cluster is inversely proportional to their individual
IMasses Mpbh-

e The Virial Radius and Velocity: The virial ra-
dius of the cluster after decoupling is com-
puted as 71y = (3M01/47rmpbhnc1)1/3 o
( fpbhga)_l C~1/3r,, which decreases with the cou-
pling |n|. The virial velocity of the cluster is then
given by vy = /GMa/rvir < (fopnéa) C/07q,
which increases with the coupling |n|. As both 7y,
and vyi; < 7¢ ~ 1/k;, the smaller the ratio k;/ks,
the larger the ryi, and vy;. Given the above setting
and k;/ks ~ 1074, we will show that a cluster with
rvir ~ 0.05pc and vyir ~ 500kms™! can explain
the SMBHs in LRDs through runaway mergers.

Runaway Mergers and the Gravitational Wave.— In
the PBH-merger scenario, clusters at formation must not
undergo direct collapse into an SMBH immediately af-
ter decoupling from the Hubble flow, such that ry;, >
2G' M /c? or vy, < ¢ based on the hoop conjecture [53].
For a virialized homogeneous cluster with gravitational
potential energy U = —0.6 GMEI/TVH, PBHs generally
reach stable equilibrium with ry, < —0.335 GM32/E,
where the total energy is F = U/2. Thus, no gravother-
mal catastrophe occurs, according to the Antonov insta-
bility [54-57], and the emergence of an SMBH can result
only from successive mergers of PBHs.

The initial cluster decouples with number density n
and PBHs of monochromatic mass mppn. As PBH merg-
ers are predominantly governed by two-body interac-
tions, and binaries coalesce via the emission of gravita-
tional radiation, we employ the Smoluchowski coagula-
tion equation [49-51] to study the population evolution
and the timescale leading to central massive black holes:
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where n; is the number density of PBH with mass m; =
imppn (¢ = 1,2,..., Nqgi). The first sum accounts for the
gain in n; due to mergers of PBHs with m; + m; =

m;, while the second represents the loss in n; due to the
mergers of PBHs of mass m; with any other PBH mass.
The merger kernel KC;; = (Omerg (%, J) Urel), capturing the
rate of PBH mergers, is the velocity-weighted average
of Eq.2. Assuming the relative velocities of PBHs in
the initial virialized cluster follow a Maxwell-Boltzmann
distribution, the kernel is given by [23]
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with A = 852/7(2m) /1320 (5/7), vo = /3/5vyir the
initial (root-mean-square) velocity of PBHs, and (p, q) =
(15/14,9/14) without considering mass segregation.

Fig. 2 shows the PBH mass population evolution in an
initial cluster of Ny = 10° monochromatic PBHs from
redshift z ~ 11.5 to 6.0 with ng = 2x10% pc™2 and vyiy =
512kms~!, where we utilize the Monte Carlo scheme [58—
65] to solve Eq. 10 using a full-conditioning method for
sampling [59]. For the simulation to be valid, it can be
justified that the coalescence time of two PBHs is much
shorter than the disruption timescale caused by a third
PBH, so that three-body interactions can be ignored dur-
ing mergers. A SMBH of mass M, ~ 10° My, emerges by
z ~ 6 if the initial PBHs are of mp,n = 30 Mg, which
can mainly explain the LRDs that host M, ~ 1058 Mg,
ranging from z ~ 4-11, with or without the accretion of
surrounding gas. In the simulation, the runaway merging
timescale ty & 0.2/n/Cop for completing the merger is
smaller if ng is larger. This is consistent with the given
upper bound, 1/nKgg, shown in Ref. [23].

The merger of a PBH cluster can be divided into three
stages. The first stage involves only small-mass PBH
mergers, initially at high redshifts. In the second stage,
PBHs with intermediate masses begin to form and boost
the merger process due to the increased merger cross sec-
tion. The third stage eventually arises when the number
density of these intermediate-mass PBHs grows beyond
a certain threshold, and an SMBH will emerge with the
surrounding small-mass PBHs, forming an extreme mass
ratio inspiral system. The overall merger processes will
provide a distinct GW signature of this mechanism.

Fig. 3 shows the stochastic GW background associated
with the PBH merging processes. A key feature of the
GW spectrum is the presence of two peaks: one at low



frequencies and the other at relatively high frequencies.
The first peak arises due to the initially large abundance
of small-mass PBHs in the first stage in Fig. 2. The third
stage explains the emergence of the peak at low frequen-
cies: The strength of the GW signal is proportional to a
positive power of the chirp mass, while the maximum fre-
quency is inversely proportional to the total mass. After
the binary formation at relatively low redshifts, mergers
of PBHs with their central SMBH contribute significantly
at low frequencies, thereby enhancing the GW spectrum.
The infrared behavior of the gravitational wave spectrum
follows a ~ f3 scaling, which is much steeper than the
f?/3 scaling of a single binary inspiral event. This is be-
cause orbital eccentricity transfers power from the funda-
mental harmonic to higher harmonics, significantly sup-
pressing the GW background at frequencies below the
source frequency while enhancing it at intermediate fre-
quencies, see Ref. [66] for details.
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FIG. 3: Stochastic GW background from PBH cluster
merger processes. Sensitivities of future GW detectors
are also shown [67-73].

Accretion Growth and the Spin from Tidal Fields.—

The mass M, and spin J, of the most massive black
hole are determined mainly by mergers and mass accre-
tion. The accretion efficiency is sensitive to the spin
of accreting black holes through the radiative efficiency
em(ae) = 1 — Ersco(ae), such that ep; increases mono-
tonically with ae = Jo/Jmax, the dimensionless spin,
where Jax = GMZ /c is the maximal spin of a Kerr black
hole, and Fisco is the unit mass energy at the innermost
stable circular orbit [74, 75]. For example, epr(1) = 0.42,
while €37(0.95) = 0.19. A small difference in spin results
in a substantial difference in radiative efficiency. The en-
hancement of mass growth through Eddington accretion
is given by [75]

M,

Mpbh

€r, (1 —6M)

€M Tacc

t} RNGEY
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where Finerg ¢ N is the merger enhancement factor,
€7, the accretion luminosity efficiency, €;; the radiative
efficiency, 7ace = 0.4Gyr the characteristic accretion
timescale, and t,.. the accretion time of baryon gas.

For Eddington-limited accretion (e, = 1), the spin can
be driven to its maximal equilibrium value (ae, ~ 1 for a
thin disk; ae ~ 0.95 for an MHD disk) through gas accre-
tion in taee ~ 0.1 Taee &~ 40 Myr, and the mass growth is
limited to at most 10% in t,ec ~ 2 Tace = 800 Myt for the
MHD disk model (eps = 0.19). Thus, a sufficiently heavy
seed is favored at the beginning of the accretion phase
to explain those LRDs hosting 1058 M SMBHs in the
first billion years. Crucially, a slower mass growth rate
can also reconcile the cumulative mass density accreted
onto black holes with the SMBH mass density at z ~ 4-5,
based on the Sottan argument [20], if their bolometric lu-
minosities are estimated via spectral energy distribution
fitting employing dust-obscured AGN models [21].

Nevertheless, accretion strongly depends on the abun-
dance of surrounding matter and the specific accretion
model. For example, chaotic accretion of short-lived
episodes with random orientations tends to damp the
black hole spin down to average values of ae ~ 0.2 [76].
Moreover, cosmological and hydrodynamical simulations
have shown that the gas angular momentum directions of
subsequent accretion episodes become uncorrelated with
the black hole spin once M, > 2 x 107 M, [77].

Regardless of accretion, our model can generate
SMBHs with large spin, even if the PBHs had zero spin at
their formation [17, 78]. The PBH cluster acquires signif-
icant spin through interactions with tidal fields induced
by other clusters, due to its extended merger history and
non-sphericity. As a result, the spin of the SMBH re-
flects the residual spin of the cluster after mergers. To
estimate the magnitude, we consider the quadrupole in-
teraction model [79] and a homogeneous ellipsoid model
for clusters. The dimensionless spin parameter of the
cluster is estimated as (see Supplemental Material):

ae = cJo /GM?Z ~ 5.6 H(e,p)

fpbh -1/ &\ C g !
(%) (5) (5) (o) - o9

where H(e, p), with the ellipticity e and prolateness p,
characterizes the non-sphericity (#(0,0) = 0 if spherical)
of the cluster according to peak theory [17, 78, 80-82],
H(e ~0.09,p ~ 0) ~ 0.53 on average.

To explain SMBHs of 1058 Mg, in the LRDs (light-gray
in Fig. 1), the runaway timescale ¢, must be sufficiently
short, ¢, < 1Gyr(z 2 5). Remarkably, the cluster spin
acquired through tidal interactions in this region exceeds
the Kerr limit, implying a nearly maximal residual spin
(ae ~ 1) of the SMBH after mergers. The remaining
PBHs, forming extreme mass ratio inspiral systems with
the central SMBH, cannot merge until the GW carries
away all the spin remnant of cluster. Besides, the darker
band in this region exhibits t., = 400Myr for rapid
SMBH emergence up to the LRD redshifts (z < 11).




Discussion.— In addition to the requirements dis-
cussed in the preceding sections, the green region in
Fig. 1 shows the experimental constraints on PBH abun-
dance, fpbn [18, 19, 83|, derived from gravitational lens-
ing, Lyman-a measurements, X-ray observations [84],
and dynamical friction [85]. As we focus on PBHs with
an initial mass of O(10) Mg, their abundance is only
weakly constrained, with fypn < 1072, Especially, follow-
ing successive mergers of PBHs in the cluster, their num-
ber density declines significantly over time, making them
less subject to these observational constraints. The pri-
mary constraint on the PBH abundance then arises only
from the SMBH mass density of ps ~ 10° Mg Mpc~2 in
the local universe, currently accounting for fypn ~ 107°
dark matter density — consistent with our parameter
choice.

The most stringent constraints on long-wavelength
perturbations @; arise from CMB spectral distor-
tions [86-90], see also Refs.[18, 19]. COBE/FIRAS ob-
servations [91] impose upper limits on the p and y distor-
tion parameters, with |u| < 9x107° and |y| < 1.5x1075.
These constraints can be evaded through the long-short
mode coupling. In our model, SMBHs do not form from
the direct collapse of long-wavelength perturbations but
instead emerge from successive mergers of small-mass
PBHs. Crucially, the variance of long modes in our sce-
nario is sufficiently small, oy < 0.0064, allowing the u-
distortion constraint to be satisfied while maintaining a
sufficient PBH abundance fppn ~ 107°, which will ulti-
mately result in the SMBH population. The y-distortion
constraint is weaker than that from p-distortions in the
mass range 10°8 Mg for LRDs, while it primarily ex-
cludes PBH clusters that would result in ultra-massive
black holes, M, > 10*! My, the purple region in Fig. 1.

~

In the simulation, the runaway merger time of the PBH
cluster is conservative, as we have neglected the effect of
mass segregation due to dynamical friction. When mass
segregation is included [66], the runaway merger can be
even faster, as low-velocity massive PBHs will sink to-
ward the center, and increase the merging cross section.
This indeed prevents the relativistic instability of core
collapse [92], while it facilitates the merger and further
relaxes the parameter space constraints in Fig.1.

Conclusions.— Initial small-scale PBH clustering
could potentially explain the rapid formation of SMBHs
within the first billion years after the Big Bang, particu-
larly the LRDs observed in recent JWST data. We have
considered a simplified model in which small-scale clus-
tering arises from long-wavelength mode modulation at
the PBH formation scale. In this framework, a central
SMBH emerges through successive mergers of light PBHs
within the cluster. Due to tidal interactions from other
clusters, the resulting SMBH is expected to be highly
spinning, and extreme mass ratio inspiral systems with
the central black hole will naturally form [24]. The GW
signature associated with this mechanism may be de-
tected by next-generation GW observatories such as the
Einstein Telescope [93-95], and are distinguishable from
alternative SMBH formation models, e.g., heavy PBH
seeds [36, 96] or gravothermal core collapse [97-102].
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Appendix S.1: The two-point correlation function of PBHs

A simple parametrization of the long-mode modulation is given by [22]:

v(x) =vy (1+n®(x)), (S5.1-1)
where 7 denotes the coupling strength between long and short modes, and ®;(x) is the long-wavelength density
perturbation field. The unmodulated reduced threshold is defined as v, = §./7s with d. ~ 0.414 the critical density
contrast for PBH formation and 2 = (§2) the spatially averaged variance of the short-mode density perturbations.

Both ®; and §; are assumed to follow Gaussian statistics. The probability of forming a PBH and the joint probability of
finding two PBHs separated by a distance r, after integrating over the configuration of the long mode are, respectively,

P = %erfc (”5’;) and Py = i [erfc (f/%) +erfe (\”/’%) + sgn(vy)sgn(vs) — 1}

vy — we(r)vy v — ws(r)vg
|y, B ) |y, AT ESTR2 ) S.12
( ! le/l—wg(r)> ( ? va/1 —w(r) ( )
where v; = v(x;) is the local reduced threshold, ws(r) = (§(x1)d(x2))/(5(0)2) the normalized two-point correlation
function of the short-wavelength density field, erfc(z) = % [ et dt, and T'(z,u) the Owen T-function, given by

T T
(1+t2)22
-

1 (e

For this simple modulation model, the N-point correlation function of PBHs can be computed analytically [22]. In
particular, the two-point correlation function &ypn(r) of PBHs is given by

Po(r) voy (L+@(r)*” (5 a(r)
1+ &ppn(r) = exp (vi——— |, (S.1-4)
’ Py (1 — w(r)? 91+ a(r)
where @(r) = %ﬁg%l with a(n, k) = d.nk and k = 0;/75 denoting the ratio of long- to short-mode variances. For

simplicity, we adopt a model for the primordial power spectrum composed of two delta functions:

{Ps,g(k) = o2kyo(k — ky),

S.1-5
Pra(k) = ofkid(k — ki), ( )

where k; ; represent the wavenumbers of the short and long modes, and o, are the corresponding variances.
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FIG. 4: The PBH two-point correlation function for |n| =0, 6 and 14 given v, = 8.5, x = 0.1313.



Fig.4 displays the PBH two-point correlation function for different coupling strengths |n| = 0, 6 and 14, given
vy, = 85, k = 0.1313, and ks ~ 2.5pc~! corresponding to mppn = 30Mg. We set the ratio of long to short
wavelengths as k;/k, = 107%. Two distinct features are observed in the correlation function. The first drop occurs
at the characteristic scale of an individual PBH, rypn ~ 1/ks, while the second drop appears at the typical clustering
scale set by the long mode, r¢ ~ 1/k;. When || # 0, a plateau emerges in the intermediate regime rppn < r < T,
where &ppn () remains nearly constant at &,. This plateau reflects the enhancement of PBH clustering induced by
the long-mode modulation.

Appendix S.2: The total number of PBHs and the number density in a cluster

The total number of PBHs in a cluster can be estimated using the two-point correlation function [36, 37]:

4
Nei = Npbh /d3$ Epbn(r) = ?ﬁpbhgargl (S.2-1)
where by is the average comoving number density of PBHs:
_ Qdm Peq 3 30 M@ _3
= — =~ k . S.272
Npbh Ot fpbh Mpbh Qeq f pbh Mobh pc ( )

Here, we have used the ratio of dark matter to total matter abundance Qg /Oy =~ 0.85, the PBH fraction of dark
matter fobn = Qpbh/Qdm, and the matter energy density at matter-radiation equality peq = QM Perit,0/ agq, with the
scale factor aeq =~ 1/3401. The present critical density is taken to be perigo = 1.27 X 107" Mg pc~2 and Qy ~ 0.3.

We consider the PBH cluster to evolve as normal matter, diluting with the cosmic expansion until it decouples from
the Hubble flow. This decoupling occurs when the energy density of the cluster, pci = mpbnncl, becomes comparable to
the radiation energy density, praq. After this point, the number density n.; becomes constant in comoving coordinates.
The cluster’s energy density at decoupling, with scale factor aqec, is given by:

3 3
_ _ Qe Qe
pcl(adec) = gappbh(adec) = fozppbh(aeq) <adq > = éa (0-85fpbhpeq) <adq ) 3 (8273)
where ppbn = Mpbhftpbh. On the other hand, the radiation energy density redshifts as:
a 4
prad(adec) = Peq < = ) . (82*4)
Adec
Equating pei(@dec) = prad(@dec), we find the scale factor at decoupling:
Adec = S (S.2-5)

0.85 fpbhéa '

which is valid for 0.85 fopnéa > 1. After decoupling and virialization, the cluster undergoes further contraction. We
account for this by introducing the compactness parameter C' > 1, which enhances the final cluster number density:

4
na = C(0-85 fpunéa)’ Lo = 2 x 10% pe~ (fpbh'fa> <C> (30 M@) . (S.2-6)

pbh 25 20 Mpbh

Appendix S.3: The spin of clusters from tidal interactions

We adopt a model in which PBH clusters are approximated as homogeneous ellipsoids with semi-axes r; > 75 > r3
during their hierarchical merging phase leading to SMBH formation. The tidal torque yields

Ti = €k QT (8.3-1)

where @;; is the quadrupole moment of the cluster, T;; = GM. (6;; — 3&;&;) /r> the tidal tensor of a source at (r, 6, ¢)
with the unit vector &; = (sin 6 cos ¢, sin @ sin ¢, cos ). The ensemble-averaged squared tidal torque is computed by
integrating over all external cluster configurations

(r?) = OOP(?‘) <Z Tf) d’z, (S.3-2)

i=1

Tvir



where P(r) is the two-point spatial distribution function of PBH clusters, describing their correlation at separation
r, and is given as follows.

We assume that all PBH clusters have the same mass and are homogeneously distributed within a maximum
comoving distance Rg, .., which defines the local clustering environment. The comoving mean inter-cluster distance
is given by

_ —-1/3
s 47Tnpbh / _ 51/37" ! (S 373)
cl — 3Nc1 « cl>y .

where &, > 1 ensures a high clustering factor, and hence Rgl > rq. We set RS, ~ (4/3)R¢ using the definition

A max cl
of the average distance RS = f‘ |7 — 7| 3/ f\F\ <Re d3z for a reference cluster fixed at the origin 7y = 0.

FI<RE 0
Evaluating the physical separation at the decoupling epoch agec ~ @eq/(0.85 fppnéa), we find:
_ 4 4
anax(adec) = adecRgl = aeq/(0-85fpbh§o¢) : gﬁé/grcl = g (Cﬁa)l/g Tvir » (83*4)
where we have used the virial radius expression:
30 1/3 3N, 1/3 o
vir = c = c = (0.85fpbnéa) "1C V300 a1 - S.3-5
r (47Tp01> 47TTLC1 ( fpbhf ) aqu ( )
Thus, the probability distribution for finding another cluster at position 7y + 7 , given a cluster at 79 = 0, is
approximately:
B(RPL)73, rur <7 S RE
~ A max s Dvir ~ ‘lmax -
P(r) = { 0, otherwise ’ (8.3-6)

Consequently, the ensemble-averaged tidal torque acting on a cluster is given by:
1/2
27 G M2 B 3/2 2\ 2 2\ 2 2 2\ 2
(2= = ( Cl) (Cga) V2 (22) (1 - ) - (1 - 3) + ( - 3) , (S.3-7)
405 \ Tvir a Ty 1 reon
where we have used RE,,, (adec) =~ (4/3) (C’fa)l/3 rvir and identified ry;; = r1 as the major axis of the ellipsoid. Since
(72)1/2  a=3/2, the tidal torque weakens with cosmic expansion, indicating that most of the spin is accumulated
shortly after the clusters decouple from the Hubble flow.
The final spin of a cluster can be estimated by integrating the ensemble-averaged tidal torque over the time interval

during which the cluster remains dynamically responsive to the tidal field of neighboring clusters. The upper limit of
this interval is approximated by the typical time before the cluster fully merges into SMBH:

tmerg
Ja = / (T2 a4 (S.3-8)
tdec
where tgec is the decoupling time and tmerg S trm denotes the typical merging time. After performing the time-

dependent integral
tmerg 3/2 ) 1+ +
/ Qe dt = (0-85fpbh€a)_3/2 In ( \/ amcrg/acq \/amcrg/acq (83*9)
tdec

@32 8rGpeal3 V/1+1/(0.85 fopnéa) + /1/(0.85 fobna)

with aeq =~ 1/3401, and amerg ~ 1/10 around redshift z ~ 9, we estimate the dimensionless spin parameter a, =
cJCl/GMfl of the cluster as:

_ _ _ _ 1/2
a s (Do) (SN (ONT (e N0 2+ 1 2+ AN (S.3-10)
ST 105 106 20 10kpe r? r? r?  r? ' '

While clusters are also subject to tidal torques induced by background density fluctuations, we neglect these contribu-
tions as they are subdominant compared to the torques from neighboring clusters for the parameter range considered.

According to the peak theory, the non-sphericity of the long-wavelength curvature perturbation can be characterized
by its ellipticity e and prolateness p, which follow a statistical distribution determined by the power spectrum of the
initial perturbations and the peak value [17, 78, 80-82]. We assume a monochromatic mass distribution and calculate
the corresponding peak value using the two-point correlation function. The axis ratios are then given by

o [1—-3e+p T3 1-3e+p
- L d 2=,/—— "~ S.3-11
1 T+3e+p % VN 1-2% ( )

with the average values € ~ 0.09 and p ~ 0 as our inputs.




Appendix S.4: Redshift evolution of the most massive black hole with various cluster densities
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FIG. 5: Redshift evolution of the most massive black hole in a PBH cluster of N = 10° (10*) PBHs of Mpbh = 30 Mg
and virial velocity vy, = 512 (238) km s~! with various initial cluster densities ne = (1, 5)x107 and (1, 2, 5)x10% pc~3.

Appendix S.5: Various timescales associated with a PBH cluster

Once two PBHs form a binary, they will eventually coalesce due to the emission of GWs. However, this process can
be interrupted by encounters with a third PBH within the same cluster. To safely neglect such three-body interactions
in our Monte Carlo simulation, we require that the inspiral timescale be shorter than the typical disruption timescale
due to a third-body interaction. The coalescence timescale due to GW emission,

3P (146)7/2/(1—e)l/?

w ) 85*1

& 85G3 (mi + mj)mimj ( )
must be shorter than the disruption timescale by a third PBH,
1

t istrup ¥ 8572

disrup Tc10pUvir ( )

where € < 1 is the initial orbital eccentricity and o, = 71'7"3(1 — ¢)72 the effective cross section of the newly formed
binary with periapsis [24]

851 G7/2(m; + m;)* ?m;m; 2

T R .
P 6\/5 C5v§ir

Without mergers and losing energy through emitting GWs, an isolated PBH cluster will gradually shrink and evap-

orate when some PBHs undergo multiple gravitational scatterings during multiple (two-body) relaxation timescales
to exceed the escape velocity, and this defines the evaporation timescale of a cluster:

r 10 NC] 1/2 Mpbh ~1/2 Tvir 5/2
tevap = 'trelx = 3.4 M — , S.54
evep el - (140) <1nNd> (105> 30 Mo, 0.02 pe (8:5-4)

where the relaxation time

(S.5-3)

- 0.1 Ncl Tvir

trelx ~

In Ny Uvir7 (85 5)
and 1/T is the fractional loss of PBHs in the cluster, for which the energy is above the escape velocity in the
Maxwellian distribution, per relaxation time t,¢x. The evaporation time is roughly the e-folding timescale of number
reduction according to d«N¢j/dt = —Ng /T trelx = —Nei/tevap, and I' & 140 for an isolated cluster. In reality, the seed
effect [103, 104] of a PBH cluster will accumulate extra dark matter or baryons and increase the escape velocity such
that T' ~ 3000 (10°) if the accumulated mass is comparable to (two times of) the cluster. Thus evaporation is not
concerned.
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