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ABSTRACT

The physical origin of Little Red Dots (LRDs)—compact extragalactic sources with red rest-optical
continua and broad Balmer lines—remains elusive. The redness of LRDs is likely intrinsic, suggesting
optically thick gas emitting at a characteristic effective temperature of ~ 5000 K. Meanwhile, many
LRD spectra exhibit a Balmer break, often attributed to absorption by a dense gas shell surrounding
an AGN. Using semi-analytical atmosphere models and radiation transport calculations, we show
that a super-Eddington accretion system can give rise to a Balmer break and a red optical color
simultaneously, without invoking external gas absorption for the break or dust reddening. The break
originates from a discontinuity in opacity across the Balmer limit, similar to that of early-type stars,
but the lower photosphere density of super-Eddington systems, p < 107 g ecm™3, implies a significant
opacity contrast even at a cool photosphere temperature of ~ 5000 K. Furthermore, while accretion in
the form of a standard thin disk requires fine tuning to match the optical color of LRDs, an alternative
scenario of a (geometrically thick, roughly spherical accretion flow implies an effective temperature
4000 K < Ter < 6000 K that is very insensitive to the accretion rate (analogous to the Hayashi line
in stellar models). The continuum spectra from the latter scenario align with the Balmer break and
optical color of currently known LRDs. We discuss predictions of our model and the prospects for

more realistic spectra based on super-Eddington accretion simulations.

Keywords: Active galactic nuclei (16), Radiative transfer (1335), Accretion (14)

1. INTRODUCTION

Since its launch, the James Webb Space Telescope
(JWST) has revealed a previously unrecognized popula-
tion: compact sources that exhibit broad emission lines
and a distinctive V-shaped continuum, characterized by
blue rest-frame ultraviolet (UV) and red rest-frame op-
tical colors (e.g., I. Labbé et al. 2023; I. Labbe et al.
2025; V. Kokorev et al. 2024; J. E. Greene et al. 2024;
D. D. Kocevski et al. 2024; J. Matthee et al. 2024a).
These objects, now colloquially referred to as “Little
Red Dots” (LRDs), have prompted intense investigation
as the community seeks to understand their physical na-
ture.

The origin of the redness of LRDs remains an open
question. Spectroscopically selected LRDs have rest-
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optical colors comparable to blackbodies of T' ~ 4000—
5000 K (e.g., see Figure 1 in D. J. Setton et al. 2024,
where a 5000 or 4000 K blackbody would have a rest-
frame color of B — R = 1.20 or 1.86 in their definition).
At first, dust attenuation of an AGN, a stellar popula-
tion, or mixture of both seemed a straightforward candi-
date explanation, and spectral continuum fits typically
infer Ay > 1 (e.g., D. D. Kocevski et al. 2023; J. E.
Greene et al. 2024). However, the presence of dust is
stringently constrained by the nondetection of its ther-
mal emission in the rest-mid- and far-infrared (C. C.
Williams et al. 2024; H. B. Akins et al. 2024; 1. Labbe
et al. 2025; B. Wang et al. 2025; D. J. Setton et al. 2025;
C. M. Casey et al. 2025), indicating that the rest-optical
continuum emission is likely intrinsically red rather than
dust-reddened. In addition, the strikingly high abun-
dance of LRDs at high redshifts (a few percent of the
number density of UV-selected galaxies at z ~ 5, e.g.,
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V. Kokorev et al. 2024; J. Matthee et al. 2024a; J. E.
Greene et al. 2024) implies that the optical redness must
be produced without fine-tuning.

Another puzzling property of LRDs is the common
presence of a Balmer break in their spectra. Even for
objects that do not exhibit a strong spectral disconti-
nuity, the turnover points of the V-shaped continuum
appear to be consistently located at the Balmer limit
(D. J. Setton et al. 2024). The break feature suggests
that an evolved stellar population may dominate the ob-
served flux at At ~ 4000 A. However, this picture is
not easily reconciled with the luminous Balmer emis-
sion lines (B. Wang et al. 2024; Y. Ma et al. 2025), and
the central stellar density implied by an evolved stel-
lar population model is rarely seen, if at all, at lower
redshifts (e.g., J. F. W. Baggen et al. 2024; I. Labbe
et al. 2024; Y. Ma et al. 2025). Moreover, the Balmer
breaks of some recently reported objects are too strong
to be explained by standard stellar population models
(R. P. Naidu et al. 2025; A. de Graaff et al. 2025) and
demand a non-stellar origin. A high covering fraction
of dense gas, where neutral hydrogen is collisionally ex-
cited to the state of principal quantum number n = 2,
is proposed to produce the break feature without stars
(K. Inayoshi & R. Maiolino 2025), and has since been
applied to interpret objects showing strong breaks (e.g.,
X. Ji et al. 2025; R. P. Naidu et al. 2025; A. de Graaff
et al. 2025; A. J. Taylor et al. 2025). This scenario pro-
vides a phenomenological solution to the Balmer break
but lacks a dynamical picture of the inferred dense gas
shell. Moreover, these models have limited predictive
power for the optical color, which remains sensitive to
the assumed incident spectrum and gas conditions.

Independently, increasing attention has been given
to the hypothesis that LRDs are powered by super-
Eddington accretion onto a central supermassive black
hole (F. Pacucci & R. Narayan 2024; E. Lambrides et al.
2024; K. Inayoshi et al. 2024; P. Madau & F. Haardt
2024; A. Trinca et al. 2024). Super-Eddington accre-
tion was proposed in part to reconcile the broad permit-
ted emission lines seen in LRDs with features that dif-
fer from typical Type-I AGNs, including the weakness
in X-ray emission (M. Yue et al. 2024; T. T. Ananna
et al. 2024; R. Maiolino et al. 2025) and the scarcity
of UV /optical variability (M. Kokubo & Y. Harikane
2024; 7. Zhang et al. 2025). However, whether super-
Eddington accretion can in fact produce the optical red-
ness and the Balmer breaks of LRDs is underexplored.
This motivates us to explore simple super-Eddington
models in the context of the continuum signatures in
JWST observation.

In this work, we construct idealized semi-analytical
models for the gas around a supermassive black hole
undergoing super-Eddington accretion and investigate
the resulting UV /optical continuum emission. Figure 1
sketches the models considered. First, we study a stan-
dard, geometrically thin accretion disk, as shown in the
left half of the cartoon. Such a thin disk may be present
at super-Eddington accretion rates at large radii. This
disk must, however, be truncated at an inner radius to
reproduce the redness of LRDs. An alternative picture,
more consistent with super-Eddington simulations (e.g.,
K. Ohsuga et al. 2005; Y.-F. Jiang et al. 2014; J. C.
McKinney et al. 2014; A. Sadowski et al. 2014; Y.-F.
Jiang et al. 2019; H. Hu et al. 2022), is that a combi-
nation of inflow and outflow is distributed over a wide
range of polar angles. In this initial exploratory work we
approximate this with a spherical model, as indicated on
the right in Figure 1.

We investigate whether super-Eddington accretion
flows with these simple geometries can reproduce the
observed properties of LRDs. Using radiation trans-
port simulations, we compute the gas temperature and
emergent continuum flux ab initio, capturing the opti-
cal color and the Balmer break self-consistently. Our
results revolve around two themes. First, if super-
Eddington accretion produces a red optical color from
a cool photosphere, then a Balmer break is to be ex-
pected from this very photosphere. This is true for both
the disk and sphere scenarios and stems from the low
density of the gas at the photosphere, < 107 g cm ™3,
compared to that of most main-sequence stars. Sec-
ond, the cool photosphere itself is a natural outcome
of the sphere scenario, in which the effective tempera-
ture is very insensitive to the accretion rate in the range
4000 K < T < 6000 K due to the temperature depen-
dence of the opacity law (see a similar scenario in D.
Kido et al. 2025, which we became aware of near the
completion of this manuscript).

In the rest of this paper, Section 2 provides the phys-
ical grounds for our first theme, where we use a toy
model to show that the Balmer break can emerge from
a cool, low-density photosphere. We describe in Sec-
tion 3 our numerical methods common for the disk and
sphere models. In Sections 4 and 5, we construct an-
alytical density structures for the disk and sphere sce-
narios, respectively, and report our simulation results of
the emergent continuum spectra. In particular, read-
ers mainly interested in the spectral results may move
directly to Section 4.2 and 5.3. We summarize our re-
sults, compare this study to previous works, and out-
line future directions in Section 6. We have made our
model continuum spectra of the sphere scenario pub-
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Figure 1. Cartoon showing the scenarios considered in this
work. Straight or curved arrows indicate direction of gas
flow. Dashed lines represent the photosphere. Wiggle arrows
indicate photons. Left: A standard thin disk in super-Ed-
dington accretion, which we investigate in Section 4. It re-
produces the red optical color and Balmer break of LRDs
if the disk has an inner truncation radius where the effec-
tive temperature is ~ 5000 K, which is fine-tuned. Right: A
spherical gas profile undergoing turbulent accretion, which
we investigate in Section 5. This model gives rise to a red
optical continuum and the Balmer break over a large range
of gas densities (a proxy for a wide range of accretion rates).
Components with question marks are discussed in Section 6.

licly available on GitHub®. Throughout this work, we
refer to radiation frequencies and wavelengths in the
rest frame unless otherwise noted. We adopt the
Planck Collaboration et al. (2016) cosmological param-
eters, i.e., 2, = 0.307, Q) = 0.693, Q, = 0.0486, and
Hy =677 km s~ Mpc—1.

2. BALMER BREAK FROM COOL, LOW-DENSITY
PHOTOSPHERES

The Balmer break is well studied in the stellar context:
it is associated with a discontinuity in opacity in wave-
length space. The same radiation microphysics should
apply to supermassive black hole accretion flows (e.g.,
I. Hubeny et al. 2000, who showed that spectral discon-
tinuities could be present in theoretical AGN disk spec-
tra). However, among main-sequence stars, only those
with To.g ~ 10* K show a strong Balmer break, rais-
ing the question of how this feature can be reconciled
with the cooler optical color temperatures (~ 5000 K)
observed in LRDs. In this section, we build a toy model
to show that the same opacity law responsible for the
Balmer break in early-type stellar atmospheres can also
produce this feature in photospheres at T ~ 5000 K.
This occurs if the photospheric density is sufficiently
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low, which can result from super-Eddington accretion
flows.

In general, non-blackbody spectral features may arise
from an atmosphere with a temperature gradient along
the line of sight. Define a frequency-dependent radiation
temperature, T1,4,,. It is determined by the gas temper-
ature at the frequency-dependent photosphere, i.e., the
location where the monochromatic optical depth, 7,,, be-
comes of order unity. If the optical depth strongly varies
with frequency, the photosphere locations of two nearby
frequencies may differ substantially, which then implies
a varying radiation temperature with frequency. In the
special case of the Balmer break, the optical depth vari-
ation originates from the photoionization opacity as a
neutral hydrogen atom with principal quantum number
n = 2 absorbs a photon of wavelength A < Ao, = 3645 A
and becomes ionized.

We illustrate the Balmer break using the following toy
model. In a 1D spatial coordinate in z, we assume a
plane-parallel gas slab of constant density p for z > 0
and vacuum for z < 0. The gas temperature is given
by a simple relation T%(z) oc z, which would be exact
in the diffusive energy transport regime satisfying local
thermal equilibrium (LTE) with a constant Rosseland
mean opacity. The radiation temperature at a given
frequency is then equal to the gas temperature at the
photosphere location, zpn ., given by pkeg v 2pn,, = 2/3,
where Kefr,, = \/3@,,,(,%,171, + Ks,) is the effective opac-
ity accounting for the absorption and scattering opac-
ities Kq, and ks, (G. B. Rybicki & A. P. Lightman
1979). The photosphere (or more precisely, thermaliza-
tion surface) defined with the effective opacity charac-
terizes where the radiation becomes thermalized with
the gas, and we keep using the term “photosphere” in
this sense throughout this paper. For simplicity, we as-
sume that xeg , is constant along the slab even though
it would change with temperature in reality.

The above assumptions relate the radiation tem-

perature to the effective opacity: Traq, o 21/ 1 x

ph,v
—1/4 .
KEH{,. To characterize the Balmer break, we choose

two representative wavelengths at 3600 A and 4000 A
and calculate the effective continuum opacity ratio,
Kefr (4000 A) /e (3600 A), to indicate the strength of
the Balmer break. A value of this ratio being signifi-
cantly less than unity will imply a large excess of Ty.q
at 4000 A relative to 3600 A and hence a strong break.
The details of our opacity calculations are described in
Section 3.2.

Figure 2 shows the effective opacity ratio as a func-
tion of temperature and density, assuming an ideal gas
of metallicity Z = 0.1 Z5. Each curve has a signifi-
cant trough, indicating the photosphere temperature fa-
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Figure 2. The ratio of two continuum effective

opacities (accounting for absorption and scattering),
Kett (4000 A)/meﬁ(3600 A), for different temperature and
density. A ratio significantly below one tends to produce
a Balmer break. Star symbols mark the parameters corre-
sponding to the star Vega and the Sun. The optimal tem-
perature to produce a Balmer break increases with density.

vorable to producing the Balmer break at a given at-
mosphere density. From now on, for a given density,
we term the temperature corresponding to the mini-
mum of the trough the “optimal temperature” for the
Balmer break. A typical early A-type main-sequence
star, e.g., Vega, has a photosphere gas density of the or-
der 1072 g em™3 (L. A. Dreiling & R. A. Bell 1980),
where Figure 2 indicates an optimal temperature of
~ 9000 K. The star has an effective temperature of
the same value. This agrees with the observed strong
breaks of such stars. In contrast, the Sun does not show
a strong Balmer break with a photosphere temperature
of ~ 6000 K and a density of the order 107 g cm~2 (H.
Holweger & E. A. Mueller 1974). The crucial message
from the figure is that the trough shifts to lower temper-
ature as the characteristic atmosphere density decreases;
as the density is reduced to < 107'° g cm™3, even an at-
mosphere temperature of ~ 5000 K will give rise to a low
opacity ratio and hence to a Balmer break.

The positive correlation between the density and the
optimal temperature for the Balmer break is known for
early-type stars (e.g., see Figure 10 in D. Mihalas 1965)
and can be understood from thermal equilibrium. The
difference in the absorption opacity on either side of the
Balmer break is equal to the photoionization opacity of
the n = 2 hydrogen at ~ 3600 A, Koy

_ M202400 X020 M2
K200 = - > (1)
) m, nm

where ns is the number density of neutral hydrogen at
n = 2, ny is the total hydrogen number density, X is the
mass fraction of hydrogen (X = 0.74 for solar compo-
sition, M. Asplund et al. 2009), m,, is the proton mass,
and 09_,o is the ionization cross-section of the n = 2
hydrogen, which depends only on atomic physics. Equa-
tion (1) implies that ko, is proportional to the frac-
tion ny /ny for a given chemical composition. On the one
hand, a high temperature tends to populate the n = 2
level according to the Boltzmann equation. On the other
hand, most of the hydrogen will be ionized if the tem-
perature is too high, as indicated by the Saha equation
(assuming a system consisting only of electrons, protons,
and neutral hydrogen):

2 9 EnT 3/2 —Iy/kpT
x :( mm.kp ) e 7 @)

1—2z h? nH

where x is the degree of ionization, Iy = 13.60 eV is
the ionization potential of ground-state hydrogen, and
me, kp, h are the electron mass, the Boltzmann con-
stant, and the Planck constant. The fraction ng/ng will
decrease as x approaches unity. Therefore, the optimal
temperature is close to the ionization temperature, Tiop,
at which the left-hand side of Equation (2) becomes of
order unity. Equation (2) then suggests that Tion pos-
itively correlates with nyg. This qualitatively explains
the trend in Figure 2.

Another notable feature in Figure 2 is that the mini-
mum effective opacity ratio of each curve is consistently
of the order 0.1 even as the optimal temperature changes
from ~ 10000 K to ~ 5000 K across different densities.
This result appears counterintuitive, since the fraction
ny/ny and hence kg, o steeply increase with tempera-
ture as exp(—3Iy/4kpT) before ionization occurs. How-
ever, near the optimal temperature, we observe that
the continuum absorption opacity at ~ 4000 A is dom-
inated by the photoionization opacity of hydrogen with
n = 3. The latter similarly increases with temperature
as exp(—81y/9kpT). Therefore, both the numerator and
the denominator of the opacity ratio are diminished at
lower density and temperature, and their ratio, which
is proportional to exp(—51y/36kpT), is relatively insen-
sitive to temperature. This maintains a strong opacity
contrast and makes a Balmer break theoretically plau-
sible at an optimal temperature of ~ 5000 K.

The atmosphere model in this section is simplistic, but
the opacity ratio in Figure 2 only depends on atomic
physics and the equation of state. The trend applies to
more realistic atmospheres as long as LTE holds. The
Balmer break is compatible with a cool, ~ 5000 K pho-
tosphere if the gas density at the photosphere is suffi-
ciently low. We will show in Sections 4 and 5 that such



a low density is a natural outcome of super-Eddington
accretion, which explains the optical redness and the
Balmer break of the LRDs simultaneously.

3. NUMERICAL METHODS

Our continuum modeling is divided into three steps
and schematically shown in Figure 3. The first step
is the analytical construction of a hydrodynamic atmo-
sphere profile. This is derived from either a standard
accretion disk or a spherical flow; see Sections 4 and 5
respectively. After this step, we will have obtained the
density, temperature, and radiation flux as a function
of location. However, our analytical temperature profile
is based on the diffusion approximation, which breaks
down in the optically thin region. This motivates the
second step, the numerical evaluation of the tempera-
ture by evolving the radiation and gas thermodynamics
simultaneously toward a steady state. The simulations
in this step are performed under the gray approxima-
tion, i.e., the radiation intensities and opacities are in-
dependent of frequency. This sets the stage for the final
step, in which we fix all hydrodynamic quantities and
conduct multigroup radiation transport simulations to
obtain the continuum spectra.

Below, in Section 3.1, we describe the simulation se-
tups in the second and third steps, which we apply to
both disk and spherical models. Our radiation calcula-
tions require opacity as input, and we outline our opacity
calculations in Section 3.2.

3.1. From atmosphere models to the continuum spectra

To obtain the steady-state temperature profile of an
atmosphere model, we conduct 1D simulations using
the non-relativistic gray radiation transport module in
ATHENA++ (J. M. Stone et al. 2020; Y.-F. Jiang 2021).
In the disk case, each simulation represents a narrow an-
nulus at different radii of the disk. We use a Cartesian
coordinate that spans the vertical direction and 32 fixed
discrete angles for the radiation. In the sphere case,
each simulation represents a radial profile, and we use
a spherical polar coordinate and 32 discrete radiation
angles that rotate with respect to the local coordinate
direction. In both the sphere and disk cases, we fix the
density profile from analytical models and only evolve
the temperature and the radiation field. The velocity is
set to zero, although a small radial velocity is expected
in the spherical flow model (see Equation (8)): we test
that including the radial velocity does not significantly
change the temperature structure or the spectrum but
requires longer time to converge. The temperature pro-
file is initialized with the analytical result. The radiation
intensities are initialized using the two-stream approxi-
mation such that the local radiation energy density and
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flux are equal to aT* (a being the radiation density con-
stant) and the analytical flux profile, respectively. In
the disk case, we set a reflective inner boundary condi-
tion on radiation at the disk midplane and an outgoing
outer boundary condition at a height where the den-
sity has reached a floor value of 10716 g cm™3. In the
sphere case, we fix the radiation field at the initial value
at the inner boundary, a small radius where the contin-
uum is very optically thick, and use an outgoing bound-
ary condition at a large, optically thin radius. We use
root grids of 2048-6144 cells depending on specific runs,
with adaptive mesh refinement to resolve locations with
large temperature gradients. We terminate the simu-
lation when the relative change of the location where
T = 5000 K, an approximate proxy of the photosphere
location, varies by less than one percent per logarithmic
time.

The simulation requires opacities as input to solve
the radiation transport equation. Specifically, the scat-
tering opacity ks, Rosseland mean opacity k, (equiva-
lent to ks + Kk, in Y.-F. Jiang 2021), and Planck mean
opacity s, are needed. Under the assumption of LTE,
these opacities depend only on the local gas density and
temperature. We prepare a table of these three opac-
ities as a function of density and temperature before-
hand (see Section 3.2), covering 10716% g em™3 < p <
10775 gem™3 and 1.5 x 10> K < T < 3 x 10° K. Dur-
ing the simulation, the opacities are updated with the
temperature evolution by linear interpolation from the
table in logarithmic space. In the sphere case, we may
encounter regions with density or temperature below the
table range, and we simply use the nearest value in the
table. Opacities at low density may deviate from LTE,
and low-temperature opacities are likely strongly mod-
ified by dust. However, such regions only exist far be-
yond the optical continuum photosphere in the sphere
models.

After obtaining the numerical temperature profiles,
we conduct multigroup radiation transport simulations
using ATHENA++ (Y.-F. Jiang 2022) to calculate the
continum spectrum. This calculation solves the radia-
tion transport equation for multiple wavelength groups
and thus predicts a spectrum from the model atmo-
sphere. All hydrodynamic quantities, including the tem-
perature, are fixed. We initialize the intensities to fol-
low the Planck distribution defined by the local tem-
perature with a frequency-integrated flux given by the
analytical model. For the wavelength groups, we use a
wavelength grid spanning 1250 A < A < 13000 A and
a resolution of 50 A in UV and 100-200 A in optical
to near-infrared, except for the region near the Balmer
break, 3600 A < X\ < 3700 A, where we refine the bin
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Figure 3. Workflow in this paper. Methods are outlined in yellow blocks, and results are outlined in blue blocks. “Sec.”,
“app.”, and “cond.” stand for “section”, “appendix”, and “condition”.

width to 5-10 A. The total number of wavelength bins
is 122. The boundary conditions are the same as the
gray simulations. We switch from adaptive to static
mesh refinement as the temperature is now fixed. We
prepare opacity tables for each wavelength group (see
Section 3.2) and initialize the opacities by linear inter-
polation (and nearest-neighbor extrapolation if needed),
similar to the gray simulations. No update in opacity
during the simulation is needed here because the gas
density and temperature are fixed. We terminate the
simulations when the fluxes at all locations and groups
vary by less than one percent or less than ten times the
machine precision limit per logarithmic time. The fluxes
in the z direction in the disk case or in the r direction
in the sphere case at the outer boundary constitute the
desired spectrum.

3.2. Opacity

Wavelength-dependent opacities as a function of den-
sity and temperature are extensively used in this
work. To prepare the opacity table, we use the code
FASTCHEM (Version 2, J. W. Stock et al. 2022) to eval-
uate the thermochemical equilibrium composition of an
ideal gas of a given temperature, density, and elemen-
tal abundance. We assume a metallicity of Z = 0.1 Zg
and adopt the M. Asplund et al. (2009) solar composi-
tion, although the metallicities of LRDs are very un-
certain. The chemical information is then passed to
OPTAB (S. Hirose et al. 2022), a public code to gen-
erate gas-phase Rosseland and Planck mean opacity ta-
bles given the density, temperature and chemical com-
position. The original code only generates averaged
opacities throughout the spectrum, but a slight adapta-
tion allows us to calculate opacities averaged over arbi-
trary wavelength bins. OPTAB is designed to work with
FASsTCHEM. Opacity sources implemented in OPTAB in-
clude bremsstrahlung (P. A. M. van Hoof et al. 2014;
T. L. John 1988, 1975), photoionization (D. A. Verner

& D. G. Yakovlev 1995; D. A. Verner et al. 1996; M. Yan
et al. 2001; T. Ohmura & H. Ohmura 1960), scattering
(H.-W. Lee 2005; R. D. Rohrmann 2018; S. P. Tarafdar
& M. S. Vardya 1973), atomic line absorption (R. L.
Kurucz 2019), and molecular line and collision-induced
absorption (see their Table 1 and Figure 1). How-
ever, in this work, we exclude molecular line absorption
and collision-induced absorption, although molecules are
accounted for when calculating the chemical composi-
tion. The optical effective temperature of most LRDs,
~ 5000 K, is expected to be sufficiently high to suppress
the molecular population near the photosphere; more-
over, spectrally confirmed LRDs do not seem to exhibit
the strong molecular absorption features commonly seen
in M-type stars.

Now, we summarize the three use cases of opaci-
ties in this work. The first is the effective opacities
Ko (3600 A) and ke (4000 A) showed in Figure 2 and
ket (5000 A) used in Figures 5 and 6. They are obtained
as the Planck mean of the quantity \/311,1,,1(/'{&7,, + Ksw)
over the wavelength ranges 3600 A < X < 3620 A,
4000 A < X < 4020 A, and 5000 A < X < 5020 A re-
spectively. We use these opacities to diagnose the con-
tinuum, and thus only the continuum opacity sources
are included. The second is the Rosseland and Planck
mean opacity tables for our analytical calculations and
gray simulations. These opacities include the line contri-
butions; we also tested excluding them and found simi-
lar temperature structures in the gray simulations. The
third is the multigroup opacities for spectral calcula-
tions. We only include the continuum opacity sources
here because of our primary interest in the continuum
and because of the computational cost of resolving in-
dividual lines, which is necessary for multigroup calcu-
lations to achieve spectral accuracy. With insufficient
resolution, the line opacity would be smeared out to the
entire wavelength bin that contained the line and appear
as an unphysically enhanced continuum opacity. We




caution that our treatment neglects metal line blocking.
This effect tends to redden the continuum, although the
extent depends on metallicity. Balmer lines also modify
the spectrum on the red side of the Balmer limit, and
thus realistic spectra would have a smoother increase in
the range 3645 A < A < 4000 A than our calculations,
especially in the presence of Doppler broadening. How-
ever, the strength of the Balmer break depends only on
hydrogen photoionization, which is fully considered in
our multigroup opacity calculations.

4. THE DISK SCENARIO

In this section, we consider the structure and con-
tinuum spectrum of a standard thin disk in the con-
text of LRDs. The standard disk in the sub-Eddington
regime has been found to produce a Balmer break if rel-
atively cool annuli at Teg < 10* K dominate the emis-
sion spectrum (I. Hubeny et al. 2000, although they cau-
tioned about uncertainties in the disk vertical structure).
Bright UV continuum emission is theoretically expected
to hide the break, which is consistent with the lack of a
Balmer break in the spectrum of typical Type-I AGNs.
However, LRDs are fainter in the UV and likely require
cool emission components to dominate the optical con-
tinuum. This motivates us to revisit the thin-disk model
and explore the parameter range that may reproduce the
Balmer break and the optical redness of the LRDs.

In the remainder of this section, we follow the work-
flow outlined in Figure 3. Section 4.1 examines ba-
sic properties of the disk using a vertically integrated
model, which constrains the parameter space relevant
to LRDs and suggests a low-T.g Balmer break at high
accretion rates. We then evaluate the vertical density
and temperature structures of the disk with analytical
calculations and gray simulations, with details provided
in Appendix A. Finally, in Section 4.2, we present the
continuum spectra from multigroup simulations, which
support the presence of a low-T.gs Balmer break but
also highlight a fine-tuning problem inherent to the disk
model.

4.1. Analytical considerations

We consider the standard model of a geometrically
thin, optically thick, non-self-gravitating accretion disk
around a black hole of mass Mgy and mass accretion
rate M. Assuming that the angular velocity at a given
disk radius r is Keplerian, the effective temperature,

oM\
T = <3BH> 7 (3)

8mor3

is only a function of Mgy, M, and r. Here, G and o
are the gravitational constant and the Stefan-Boltzmann
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constant. We have ignored a factor (1 — \/Risco/T)
in the bracket in Equation (3), where Rjsco is the in-
nermost stable circular orbit and has a value of several
gravitational radii, Ry = GMgn / ¢2. This is because we
are interested in the cool, outer disk, where r > Risco.

The fixed power-law Tog o< r~3/4 implies that the disk
continuum spectrum has three regimes. Let R;, and
Rout (Risco < Rin < Rout) denote the disk’s inner and
outer truncation radii. For A < h¢/kpTeg(Rin), the con-
tinuum is dominated by emission from the innermost
annulus. In the intermediate range, he/kpTes(Rin) <
A < he/kpTes(Rout ), assuming blackbody emission, the
spectrum follows Ly oc A\=7/3. For A > he/kpTog(Rout ),
the Rayleigh-Jeans tail dominates, with Ly oc A™%. The
latter two regimes are too blue to match the optical
continuum of LRDs, leaving only the innermost annu-
lus as a plausible source. Reproducing the observed
optical color temperature of ~ 5000 K thus requires
Tor(Rin) ~ 5000 K. As we shall see, such models face a
significant fine-tuning issue, in that emission from disk
annuli hotter than ~ 5000 K needs to be excluded for
the disk model to reproduce LRD spectra; there is, to
our knowledge, no generic reason why such a trunca-
tion of the disk should occur at this particular effective
temperature.

Notwithstanding this challenge, if we assume that the
optical continuum of LRDs does emerge from a standard
disk truncated at Teg in = Tegr(Rin) ~ 5000 K, then the
total (one-sided) disk luminosity will be given by

3G Mgy M 13 o Tegin \*?
Laisk ~ ————— =84 x 1 ’
disk iR, 84> 10 erg s | 5000 K

o <>\Edd>2/3( Mgy )4/3 (@)
102 107 Mg '

Here, we recast the accretion rate in terms of the
Eddington ratio, Agqq = M/MEdd, where the Ed-
dington accretion rate is Mpqq = Lgaa/0.1¢¢? =
4rGMpu/0.1ckes, assuming a conventional mass-to-
radiation conversion efficiency of 0.1.  We adopt
the value of the Thomson electron scattering opacity
kes = 0.34 cm? g='. Currently known LRDs typi-
cally have optical continuum luminosities Lopt ~ 10%3—
10% erg s~1 (without dust correction; e.g., see the ob-
served spectra in Figure 4). Equation (4) then sug-
gests that a super-Eddington thin accretion disk can
match the LRD luminosities with a black hole mass
of Mgy ~ 107 Mg. Note that although the disks we
consider are super-Eddington, the annuli r ~ Rj, that
produce the Teg ~ 5000 K emission will remain consis-

tent with a thin disk with negligible radial advection of
energy as long as Rin/Rg > Agdd.




The super-Eddington accretion disk is vertically sup-
ported by radiation pressure in our region of interest
(N. I. Shakura & R. A. Sunyaev 1973). Standard es-
timates of radiation-dominated accretion disks predict
that the central density of the disk is given by

7/2 3\ 3/2
2 0.1c
pe =2 () ( ) a Y (oT4) Y *(Agaa Mpn )~/

3 Kes G

=12x10"" gem™?

o (&)_1 < Test >2 (AEddMBH>3/2
0.1 5000 K 109 Mg ’

()
where we have expressed the density as a function of
effective temperature rather than disk radius, and « is
the standard viscous parameter. We have assumed that
Kes 1s the dominant opacity in the disk interior, which
is consistent with the disk density we have obtained.

Therefore, the midplane density at high accretion
rates goes below the typical density of a main-sequence
stellar atmosphere (see Figure 2). We note that the
radiation-dominated disk is unstable (A. P. Lightman
& D. M. Eardley 1974; Y.-F. Jiang et al. 2013) and
that models with magnetic support, which appear sta-
ble, have even lower central densities (Y.-F. Jiang et al.
2025). The photosphere density of the disk is expected
to be still lower than the midplane density. Our argu-
ment in Section 2 then implies a Balmer break when
Temr in ~ 5000 K, as we will show with numerical contin-
uum spectra in the next subsection.

4.2. Numerical continuum spectra

Based on the estimates above, we calculate the verti-
cal density and temperature profiles at each radius of the
disk, elaborated in Appendix A. We then use these pro-
files to calculate continuum spectra, which we present
in this subsection.

We explore two cases in the disk model. The first
case represents a disk around a black hole of mass
Mgy = 107 Mg and Eddington ratio Agga = 102.
The second case has the same black hole mass but
a lower accretion rate, Agqq = 1. The main differ-
ence between the two cases is that a lower Edding-
ton ratio corresponds to higher gas densities given the
same effective temperature. For example, in the an-
nulus where Tog = 5000 K, the photosphere densities
of our vertical models (measured at the height where
T = Teg) are 1.1 x 107 g cm™3 in the first case and
9.4 x 107 g cm™3 in the second case. We will show
that the difference in density results in the Balmer break
emerging at different effective temperatures.

The results for the Mgy = 107 Mg, Apaq = 10? case
are shown in the left panel of Figure 4. To account for

the multiple annuli contributing to the emergent flux,
we add the flux from each annulus at radius r multiplied
by the surface area 27r?Alnr, where Alnr = 0.11n 10.
The summation is performed from an outer radius where
the disk is very cool (Rouw = 10%3 Rg, correspond-
ing to Teg = 3640 K) to an inner radius indicated in
the legend: for example, the spectrum marked with
Ry, = 10*! R, is the sum of the luminosities of three
annuli at » = 10*3,10*2,10*1 R,. For reference, we
also mark in the legend the effective temperature of
each innermost annulus, T in, calculated from Equa-
tion (3). The model curves show a prominent Balmer
break at 3645 A when R, < 10*1 R;. Note that the
annulus at 10*1 R, has T.g = 5136 K, and the disk
spectrum with R;, = 10*! R, appears slightly redder
than a blackbody at 5000 K in the optical spectrum
due to the contribution of the cooler annuli. This il-
lustrates the ability of a super-Eddington thin acccre-
tion disk to produce a Balmer break while having a red
optical color, as we argued in Section 2. As the trun-
cation radius decreases and hotter annuli are included,
the optical continuum becomes bluer, and the flux con-
trast at the Balmer break is diminished. The effective
temperature at 10%® R, is 8603 K, lower than that of
a typical A-type main-sequence star, but the Balmer
break is already weakened, as expected from Figure 2
for low-density photospheres.

We also plot in Figure 4 a collection of JWST spectra
of LRDs from the literature to represent the range of
luminosities and spectral shapes from spectroscopically
confirmed sources. The collection consists of all samples
in D. J. Setton et al. (2024) that have a V-shaped con-
tinuum with significance above 20. We highlight among
them one source, RUBIES-UDS-31747, whose spectrum
was taken as part of the RUBIES program (A. de Graaff
et al. 2024). The spectrum has an optical continuum lu-
minosity on the order of 3 x 10%3 erg s~1, typical among
the LRD samples plotted in the background, and vi-
sually shows a Balmer break. The model curve with
R;, = 101 R, gives an optical red color and a balmer
break strength similar to the data. The optical luminos-
ity differs by a factor of two, but a slightly higher black
hole mass and Eddington ratio will match observation.
Our intention here is not to fit the spectrum but to show
the general behavior of disk spectra for parameters rel-
evant to LRDs.

To compare with the high-Eddington ratio case ana-
lyzed above, we show in the right panel of Figure 4 the
spectra of the My = 107 My, Agqq = 10° case. The
outer radius here is Ry, = 1036 Rg, corresponding to
Teg = 3835 K. Similarly to the previous case, different
truncation radii result in a range of optical colors. How-
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Figure 4. Model continuum spectra in the disk scenario. Left: the My = 107 Mo, Agda = 10% case. Each curve shows
the flux integrated over disk annuli from Ri, to Rout = 10%3 Rg. The legend marks the inner radius, Rin, and the effective

temperature at the inner radius, Tuf,in, derived from Equation (3).

A blackbody curve at T" = 5000 K and the spectrum

of an LRD, RUBIES-UDS-31747, are shown for comparison. A collection of observed LRD spectra are shown in gray in the
background. Right: Same as left, but for the My = 107 Mo, AEda = 10° case, with Rous = 1036 Rg.

ever, the disk here will become too blue before reaching
the optical luminosity of typical LRDs. The optical por-
tion of the model spectrum with R;, = 10>* R, has a
similar color to that of RUBIES-UDS-31747 but is 30
times dimmer. If we fix R;, at Tog = 5000 K, which in
both panels produces an optical color similar to LRDs,
then Equation (3) suggests Ry, ()\EddM]_%H)l/?’, and
thus Laisk ~ 3GMpuM /4R, < (ApaaM35;)?/3. This
explains the low luminosity in the low-Agqq case.

The Mgy = 107 Mg, Agaq = 10° case is clearly dis-
favored. However, it helps to illustrate how the Balmer
break is related to the disk photosphere condition. At
an optical color comparable to that of a T, = 5000 K
blackbody, the case with Agqq = 10° shows a weaker
Balmer break than the high-Agg4q counterpart (compare
R, = 1034 R, on the right to R;, = 10%1 R, on the
left). Moreover, in contrast to the Agqq = 102 case, the
Balmer break here progressively strengthens when hot-
ter and hotter annuli are included until the innermost
annulus reaches Teg in = 9022 K. Therefore, the Balmer
break is optimally produced at a high effective temper-
ature for a low Eddington ratio. We expect this behav-
ior because the Eddington ratio anticorrelates with the
photosphere density, which correlates with the optimal
temperature, as shown in Figure 2. This supports the
connection between the theoretical opacity law in Sec-
tion 2 and the observable Balmer break feature.

In summary, a truncated super-Eddington disk with
a maximum effective temperature of Tog ~ 5000 K pro-
duces a Balmer break, optical color, and optical lumi-
nosity similar to those of LRDs. The Balmer break and
the cool effective temperature are reconciled at the low-

density photosphere. Nevertheless, the model curves in
either panel of Figure 4 only span a factor of 3 in R;,,
but the spread in the optical color already exceeds that
indicated by the collection of observed LRDs in the back-
ground. The abundance of these objects at similar op-
tical colors requires a model insensitive to free param-
eters such as the truncation radius, which lies beyond
the standard thin disk.

5. THE SPHERE SCENARIO

We have seen that the disk model faces a fine-tuning
challenge despite reproducing the observed Balmer
break and the optical color of LRDs. Now, we con-
sider an alternative scenario where the gas around the
black hole follows a spherical geometry, as sketched in
Figure 1. The broad motivation for this is that in super-
Eddington accretion, the geometrical thickness of the
flow approaches H ~ r, with optically thick inflows
and/or outflows covering almost all of the solid angle
(e.g., K. Ohsuga et al. 2005; Y.-F. Jiang et al. 2014;
J. C. McKinney et al. 2014; A. Sadowski et al. 2014; Y .-
F. Jiang et al. 2019; H. Hu et al. 2022). In this initial
exploratory calculation, we choose to approximate the
true, more complicated geometry of such flows with a
simple spherical model.

In this section, we construct spherical models and
present their simulated spectra, following the workflow
in Figure 3. In Section 5.1, we analytically evaluate the
photosphere temperature and density, showing that the
sphere scenario robustly yields a cool effective temper-
ature. Section 5.2 presents temperature profiles from
gray simulations. Finally, in Section 5.3, we report our
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model continuum spectra and demonstrate their consis-
tency with the observed optical colors and Balmer break
features of LRDs.

5.1. Estimating photosphere properties

We assume that a black hole of mass Mgy is sur-
rounded by a steady, spherically symmetric, optically
thick flow, with density p, inward radial velocity v, and
temperature T as a function of radius r. The black
hole accretes gas at a rate, M = 4mr2pv, independent
of radius (this assumption is not critical, as we discuss
below). We choose to specify the luminosity of the flow
L independent of M. In super-Eddington accretion, the
luminosity is limited to Lgqq for a purely spherical lam-
inar inflow but can exceed this limit with more realistic
geometries. Our simple model is agnostic to the exact
radiative efficiency in that we vary L and M indepen-
dently. The luminosity relates the photosphere radius
Rph to the effective temperature Tog by

ArR2 0T = L. (6)

In the analytical estimate in this section, we assume
that the effective temperature is equal to the gas temper-
ature at the photosphere (strictly speaking, the thermal-
ization surface). We consider two estimates of the pho-
tosphere location. The conventional choice is to use the
Rosseland mean opacity, kg, which captures the opacity
over the full spectrum. However, when scattering dom-
inates the Rosseland mean opacity (which is the case
in our parameter space), the effective temperature cal-
culated in this way may not accurately represent the
spectral properties because the spectrum is set deeper
in the atmosphere where the photons and gas can ther-
malize. To account for this, we use the monochromatic
effective opacity at 5000 A, keg (5000 A), similar to Sec-
tion 2. The photosphere thus defined denotes the loca-
tion where optical photons are thermalized and will bet-
ter reflect the spectral color at ~ 5000 A. The “effective
temperature” in this case is more properly understood
as the color temperature at optical wavelengths, but for
simplicity we will continue to refer to it as the effective
temperature. We explore both definitions:

2
Pth(Pmeeﬁ”)th = 37 (7)

where £ is either kg or keg (5000 A), pon = p(Rpn) is the
gas density at the photosphere, and Hp;, is the “pho-
tosphere scale height”, or the radius range where the
optical depth is of order unity. This height (which we
will clarify further in Section 5.2) will be determined
self-consistently once we obtain the temperature profile
in the numerical calculations, but we treat Hpn/Rpn as

a free parameter in this subsection. Then, the photo-
sphere conditions will be determined if the photosphere
density is known.

The photosphere density, or more generally the entire
density profile, is related to M and v. We assume that
the inflow velocity at a given radius is a fixed fraction
of the Keplerian velocity:

G Mpu
—

v=24

(®)

Note that this velocity only reflects the net flow, but
turbulent gas motion could be faster in principle. In
addition, if there is an escaping outflow with a mass
outflow rate comparable to M, it could have a signifi-
cantly higher velocity (e.g., N. I. Shakura & R. A. Sun-
yaev 1973; we will return to this in Section 6). From
Equation (8), for a given system, the density profile will
follow a power law, p = M/47rr2v o 773/2. To set a
normalization value of this profile, we introduce a free
parameter, p.t, a reference density at a fixed radius,
Ryer = 1.477 x 106 c¢m, which is equal to 10° R, for a
black hole mass of 10° M. Then,

PR’ = prec R 9)

ref

The reference radius is chosen to be comparable to the
photosphere radius given a cool effective temperature.
In comparison, if Teg = 5000 K, then Equation (6) gives
Rpn = 5.75 x 10 c¢m for L = Lgqqa(10° Mg), Rpn =
1.82x 106 cm for L = Lgqq(10% Mg), and Ry, = 5.75 %
10%¢ cm for L = Lgqq(107 Mg). The reference density
thus resembles the midplane density in the disk model
in the sense of indicating the order of magnitude of the
photosphere density.

The reference density is related to the Eddington ratio
as
4mr2pv

AEdd = —
Mrgaa

0 MBH 1/ Pref
=1.59 x 10? :
102 (IOGM@) 10-12 g cm—?
(10)

Here, § depends on the turbulent viscosity operating
in the sphere and is uncertain. The fiducial value of
§ = 1072 is consistent with an a-disk model with o = 0.1
due to the magnetorotational instability (S. A. Balbus
& J. F. Hawley 1991) and a dimensionless scale height of
~ 0.3. Note that the Eddington ratio does not directly
appear in our spherical models: the free parameters are
L and prer, and Equation (10) only serves to provide
some intuition on how to translate pret to Apaq. We
also note that we have assumed a net mass accretion



rate independent of radius, although outflows can sig-
nificantly reduce the angle-averaged net accretion rate
close to the black hole (e.g., Y.-F. Jiang et al. 2019; H.
Hu et al. 2022). Thus, the Eddington ratio in Equa-
tion (10) should be interpreted as the mass inflow rate
at a relatively large distance, with the net accretion rate
onto the black hole being possibly significantly lower. A
varying net accretion rate with radius would also modify
the power law of the density profile in the accretion flow.
However, we expect details of the density-radius relation
to have a small effect on the emergent flux compared to
the photosphere temperature and density because the
sphere interior is hidden in the optically thick region.

We also calculate the minimum mass needed to sustain
such a photosphere,

81

Msph,min = ?Pthih =2.5x 104 M@

Pph L 3/2 Torr -6
>< .
10712 g em=3 \ Lgqq(108 M) 5000 K
(11)

This mass is small compared to the black hole mass
(Mg ~ 10° — 107 Mg if we assume L = Lgqq). How
to fuel this sphere from larger scales is an interesting
question but lies beyond the scope of this paper.

We now solve for Teg from Equations (6)(7)(9).
Figure 5 shows the effective temperature for L =
Lgaa(10° Mg) = 1.47 x 10** erg s—1. We first discuss
the effective temperature calculated with kg (5000 A)
(solid curves). For a given Hp,/Rpn, the effective tem-
perature decreases with the reference density because a
denser sphere tends to increase the optical depth and
move the photosphere further out. However, Tyg is very
insensitive to prer in the range 4000 K < Tog < 6000 K.
This implies that a wide range of accretion rates tend
to produce very similar Teg. For example, if we set
§ = 0.01 and Mgy = 105 My in Equation (10), then
Pret = 6.3 X 10716 gqq g em™3. Thus, on the curve of
Hon/Rpn = 10°, a relatively small Eddington ratio of
AEdd = 10 will result in Tog = 5500 K, while increasing
the Eddington ratio by two orders of magnitude only
shifts the effective temperature by a small amount, to
Teg = 4300 K. Our argument has assumed a fixed lu-
minosity, and if the luminosity increases with the ac-
cretion rate (and hence pref), as found in many super-
Eddington accretion simulations (K. Ohsuga et al. 2005;
Y.-F. Jiang et al. 2014; A. Sadowski et al. 2015; Y.-F.
Jiang et al. 2019), this would make the effective tem-
perature an even weaker function of p.ef than the curves
in Figure 5. The effective temperature calculated with
kg (dotted curves) shows similar trends, with an even
flatter Tegr — pret relation at 4000 K < Tog < 6000 K, al-
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Figure 5. Effective temperature of the sphere model with
L= LEdd(lo6 M). The horizontal axis is the reference den-
sity, pref, @ proxy for the Eddington ratio (Equation (10))
and the photosphere density (pret ~ ppn if Teg ~ 5000 K).
Curves show analytical estimates using the effective opacity
at 5000 A (solid) or the Rosseland mean opacity (dotted).
These estimates depend on the dimensionless photosphere
scale height, Hpn/Rpn, as a free parameter. Plus signs mark
measurements of the gas temperature at 7os (5000 A) = 1/2
from the gray simulations, where the photosphere scale
height is determined self-consistently by radiation energy
transport. The analytical effective temperature is very in-
sensitive to the reference density for a given luminosity and
Hpn /Ry, although numerical measurements suggest a some-
what steeper Tog — prer relation.

though we again caution that the effective temperature
here does not accurately predict optical colors. We will
focus on the solid curves hereafter.

The behavior in Figure 5 is due to the sharp in-
crease of opacity with temperature at Teg ~ 5000 K.
If we parameterize the opacity as keg pghTfH, then,

from Equations (6)(7)(9), Tes p;ga+1)/(3a+6+l). At
Teqx = 10* K, the opacity weakly depends on the den-
sity and temperature. We empirically obtain a ~ 0.5,
B ~ —0.6 from the opacity table, and thus Teg o p;e?'s,
in agreement with the leftmost section of the curves
with Hpn/Rpn = 107 and Hpn/Rpn = 1072, At lower
temperature, the density dependence remains modest,
—1 < a <1, but f ~ 12 —16. This steepness results
from electron recombination with hydrogen, which ex-
ponentially limits all important opacity sources in this
regime: the electron scattering opacity, the H™ pho-
toioization opacity (electrons are required to form the
anions), and the metal bremsstrahlung opacity. This
leads to the flat segments in Figure 5. At even lower
temperature, Tog < 3000 K, the completion of electron
recombination ends the steep dependence of opacity on
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temperature, and thus the Tog — prer curves again have
a larger negative gradient at low Tog (high pref).

The Tefr — prer relation also depends on Hpp/Rpn. For
a given effective temperature, if the photosphere scale
height is small, a higher density will be needed to provide
the same optical depth, and thus the curves with lower
Hpn/Rpn are located higher in the figure. We will return
to this point when we discuss the simulation results in
Section 5.2.

5.2. Numerical temperature profile

We conduct a grid of simulations with L = 1.47 x
(10%3,10%*,10%) erg s~! and a range of pyer to cover the
luminosities and colors of LRDs. The chosen values of
luminosity correspond to the Eddington luminosity of
a black hole mass of 10°-107 My, though we reiterate
that our model does not stipulate or require L = Lgqq.

For each parameter set, we calculate the initial tem-
perature using the radiative diffusion equation domi-
nated by the electron scattering opacity and the power-
law density profile in Equation (9). We obtain

N 3Kes L
" 10mac

T'(r) pres Rt~/ (12)
This is accurate when r < Ry, and T > Teg. We
choose the inner boundary, Rinpner, to be sufficiently op-
tically thick (Rosseland mean optical depth greater than
100), and use Equation (12) to set the inner boundary
condition of the radiation that has an energy density
equal to aT*(Rinner) and flux equal to L/(47R2, ..)-

In the remainder of this subsection, we describe the
results from the gray simulations. The left panel
of Figure 6 shows the temperature profiles for L =
Lgqa (108 My). We also show the effective opacity e
at 5000 A calculated from the temperature profiles and
the corresponding optical depth 7g (5000 A) in the mid-
dle and right panels for diagnostic purposes, although
wavelength-dependent opacities are not used in the gray
simulations. The temperature decreases with radius,
converging at large radii where the gas becomes opti-
cally thin and Foaq = aT?* ~ L/47rcr2. These curves
show a steep drop at T ~ 8000 K. This occurs where
the effective opacity reaches a maximum, as expected
from radiative transport. Simulations with higher p.f
have higher temperature in the optically thick region at
a given radius due to the higher optical depth.

Now, we focus on the photosphere properties indi-
cated by the gray simulations and compare them with
analytical estimates. On each curve, we find the loca-
tions where 7.g(5000 A) = 1/4,1/2, and 1 and mark
them with crosses in Figure 6. The radial distance
between the first and last markers roughly indicates

the photosphere scale height Hpn (most clearly seen
in the right panel). We use the gas temperature at
e (5000 A) = 1/2 to represent the photosphere tem-
perature.* We observe two trends. First, the photo-
sphere temperature decreases with the reference density,
as expected, and as in Figure 5. Second, while the pho-
tosphere scale height is comparable to the photosphere
radius for pre > 10715 g cm™, Hpy, becomes signifi-
cantly smaller for lower prer. This shows that Hpn/Rpn
changes with pref, a complication not considered in our
analytical estimates in Section 5.1.

We show the temperature at 7eg(5000 A) = 1/2 in
Figure 5 to compare with our analytic estimates. The
measured temperature decreases faster with ppe¢ than
suggested by individual analytical curves. This is due
to the change in Hp,/Rpn in the simulations. The loca-
tion of the measured points relative to the solid curves
indicates that Hpy/Rpn ~ 100 for Pref = 10715 g cm™3
and Hpn/Rpn < 10~ otherwise, in agreement with Fig-
ure 6.

Although the photosphere temperature is empirically
more sensitive to the accretion rate than analytical ex-
pectations, the simulations assume that the sphere is
laminar with purely radiative energy transport. In real-
ity, turbulent mixing can significantly boost Hpn/Rpn to
order unity for the cases with small photosphere scale
heights. Turbulent energy dissipation in the optically
thin region could do the same as well, by smoothing out
the temperature profile. Simulations considering these
additional effects are likely to achieve better agreement
with the analytical curve of Hpp/Rpn ~ 1.

5.3. Numerical continuum spectra and comparison to
observation

As we described in Section 5.1, the free parameters in
our sphere scenario are the total luminosity L, defined in
Equation (6), and a reference density p,ef, whose physi-
cal meaning is defined in Equation (9) and discussed in
the text above and below the equation. Figures 7 and 8
show numerical continuum spectra from the multigroup
simulations for a range of L and pyef. In the background,
we plot the same collection of LRD spectra as in Fig-
ure 4. The optical continuum luminosity of these LRDs
ranges from 103 to 10% erg s7! (no dust attenuation
is included here), approximately corresponding to the
Eddington luminosity of black holes of mass from 10° to
107 M.

4 Empirically, we find that the optical continuum is bet-
ter approximated by a blackbody of the temperature at
Tof (5000 A) = 1/2 instead of 2/3.
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Sphere profile: L = Lgqq(10% M)
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Figure 6. Temperature (left) from gray simulations of the sphere model with L = Lgaa(10° Mg). The effective opacity and
optical depth at 5000 A (mid, right) are calculated using the temperature profiles. Dark colors indicate high per and hence
high accretion rate. The three crosses on each curve mark the locations where 7.g(5000 A) = 1/4,1/2, and 1 to indicate the

photosphere location and its scale height.
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Figure 7. Continuum spectra from sphere models at a to-
tal luminosity L = LEdd(IO6 Mg) = 147 x 10* erg s7L.
Model spectra are color-coded by the reference density, pret,
a proxy for the Eddington ratio (Equation (10)) and the pho-
tosphere density (pret ~ ppn if Tegr ~ 5000 K). A collection
of observed LRD spectra are shown in the background for
comparison.

Our model curves in each figure exhibit the same bolo-
metric luminosity by construction. The optical color
reddens as prof increases, in agreement with the decreas-
ing photosphere temperature measured in Section 5.2.
At 3645 A, almost all model spectra show a strong
Balmer break with flux contrast on the order of a few.
This is expected from the photosphere density of the
spherical models (see the horizontal axis range of Fig-
ure 5, where prer ~ pph if Teg ~ 5000 K). Some other
discontinuities are present at shorter wavelengths as a
result of metal photoionization. The jump in some spec-
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Figure 8. Same as Figure 7, but for the models with
L = Lgaa(10” Mg).

tra at 8200 A corresponds to the Paschen limit and is
physical; this is possible in the presence of scattering
opacity (A. Schuster 1905; A. B. Underhill 1949). The
model spectra of L = Lgqq(10° M) appear similar to
those of higher masses except for their lower bolometric
luminosities, and we do not plot them for brevity.

To compare with observation in more detail, in Fig-
ure 9, we select four sources with strong Balmer breaks,
UNCOVER-45924, RUBIES-UDS-154183, RUBIES-
UDS-40579, and RUBIES-UDS-31747. The first source
is discovered in the UNCOVER survey (R. Bezan-
son et al. 2024), photometrically selected (I. Labbe
et al. 2025), and studied in detail with high-SNR
NIRSpec/PRISM spectroscopy (I. Labbe et al. 2024),
known as one of the most optically luminous LRDs
observed so far. The latter three sources are ob-
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Sphere spectra vs. observation
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Figure 9. Continuum spectra from spherical models

compared to four LRD spectra showing strong Balmer
breaks. The names of the observed objects are anno-
tated. The model and observed spectra of UNCOVER-45924
and RUBIES-UDS-154183 are shifted up by 10 for visual
clarity. The paramters for the four model curves are
(L, pref) = (7.4 x 10**, 2.0 x 107*2), (1.8 x 10**,2.3 x 1071?),
(4.4%x10™,5.5x107"%), and (7.4x10**,1.6 x 107'?) (in CGS
units) respectively, from top to bottom.

served as part of the RUBIES program (A. de Graaff
et al. 2024). RUBIES-UDS-154183 shows an outstand-
ing Balmer break strength exceeding the limit expected
from any stellar population (A. de Graaff et al. 2025).
RUBIES-UDS-40579 is known for its extreme red color
and has been studied individually in B. Wang et al.
(2025). RUBIES-UDS-31747 is the same object that we
highlighted in Figure 4. These sources represent LRDs
with strong Balmer breaks at different luminosities and
colors. On top of them are the spectra interpolated from
our parameter grid: we choose L to match the peak lu-
minosities of each objects and then choose p,er to match
the optical color. These are not intended as rigorous fits
of the observations, but the visual agreement demon-
strates that the spherical model can reproduce a strong
break and a red optical color simultaneously without
invoking stellar populations or external gas or dust ab-
sorption. The model spectra have a discontinuity at the
Balmer break instead of a smooth rollover as in the ob-
served spectra because we do not consider the Balmer
series near the break, which will blend and form quasi-
continuum absorption in the presence of turbulent gas
motion. At longer wavelengths, the model curves be-
come somewhat bluer than the observed spectra®, and

5 Our model spectra, especially the reddest ones, have larger
curvature than a blackbody in the optical (see also X. Lin

the small inverse Paschen break is not clear in the data.
These discrepancies can be alleviated by extensions of
our simplistic model, e.g., by allowing for a distribution
of pres. This will produce a range of effective tempera-
tures at the photosphere, which tends to boost the in-
frared flux and smooth out the inverse Paschen break
(which disappears at high pres in our models) while
maintaining the Balmer break. This will arise naturally
if rotation breaks spherical symmetry and the infalling
gas has a more oval shape.

Assuming L = Lgqq, the models in Figure 9 corre-
spond to black hole masses on the order of 105-107 M.
However, we reiterate that models of super-Eddington
accretion can have L > Lggq, in which case the BH
masses inferred for the LRDs would be yet smaller.
These black hole masses are significantly lower than pre-
vious estimates of the population based on the broad Ha
line (e.g., R. Maiolino et al. 2024a; J. E. Greene et al.
2024). However, these works usually included substan-
tial dust correction to the broad-line luminosity, which
likely overestimated the black hole mass in light of the
absence of dust re-emission. These measurements also
assumed that the line was Doppler-broadened by virial
motion of gas in the broad line region, whose size was
calibrated with local Type-I AGNs, but it remains un-
clear whether the gas in the broad line region gas is
virialized (A. King 2024) and whether the broad line
region of LRDs follows the same radius—luminosity re-
lation as that of Type-I AGNs (A. Lupi et al. 2024). In
addition, the modest black hole masses suggested here
may align better with the clustering measurements of
LRDs (J. Matthee et al. 2024b; X. Lin et al. 2025; M.
Carranza-Escudero et al. 2025) and with the host galaxy
masses constrained from extended emission (C.-H. Chen
et al. 2025b,a; R. Li et al. 2025) and narrow line disper-
sion (H. Ubler et al. 2023; R. Maiolino et al. 2024b; B.
Wang et al. 2025; X. Ji et al. 2025).

The reference densities are of the order 10712-
107! g cm~3, with the photosphere densities spanning
10713-107! g em™3. The range would likely widen in
more realistic models that consider turbulence (see Sec-
tion 5.2). These values are chosen to match the optical
color of LRDs regardless of their Balmer break strength,
but the strong Balmer break is ubiquitous in our mod-
els, as expected from Section 2. The model spectra

et al. 2025, in prep). When the gas is mostly neutral (e.g.,
T <5000 K at p = 10712 g ecm™3), Rayleigh scattering will be-
come the dominant opacity source at optical wavelengths (see
P. Lenzuni et al. 1991, although they studied zero-metallicity
gas). It preferentially suppresses short-wavelength spectral
flux, similar to but more manifest than its role in metal-poor
giant stars (R. Cayrel et al. 2004).
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Figure 10. Balmer break strength and optical color of
the sphere models (color-coded proportional to prefL_l/ 3
compared to observation (blue points with error bars). The
spherical model can explain the region below the measured
points (due to filling by the UV component), consistent with
the distribution of known LRDs.

for RUBIES-UDS-40579 and RUBIES-UDS-31747 have
even more pronounced breaks than the data. However,
our spherical model does not account for the UV con-
tinuum flux of LRDs, whose origin is still debated (e.g.,
J. E. Greene et al. 2024; G. Barro et al. 2024; R. P.
Naidu et al. 2025; C.-H. Chen et al. 2025b; P. Rinaldi
et al. 2024; C.-H. Chen et al. 2025a). Assuming that this
component does not produce a stronger Balmer break
than the model spectra here, the total flux will show a
partially or completely filled Balmer break. In this case,
the optical spectrum shown here represents the upper
limit of the break strength generated by the spherical
model. This also naturally places the inflection point
of the V-shaped spectrum near the Balmer limit over a
wide range of UV-to-optical luminosity ratios, suggest-
ing a robust explanation for its observed location (D. J.
Setton et al. 2024).

In Figure 10, we further quantify the model Balmer
break strength and compare it to observation, includ-
ing the same collection of observed LRDs that we
showed in Figure 4 and RUBIES-UDS-154183. We
follow A. de Graaff et al. (2025) to evaluate the ob-
served Balmer break strengths and uncertainties with
the flux density (f,) ratio at two bands, [4000,4100] A
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and [3620,3670] A. To characterize the Balmer break
from the models, we use the luminosity (L, ) ratio in two
wavelength bins, [4000,4100] A and [3640, 3645] A. The
blue band is narrower than the one used for the observed
LRDs in order not to traverse the theoretical Balmer
limit. We also quantify the optical color of the model
and observed spectra. We follow D. J. Setton et al.
(2024) and evaluate the model and observed flux densi-
ties within two top-hat filters, “B” in [4000,4700] A and
“R” in [6700,7400] A. We exclude sources at z > 6 as
their “R” band is not fully covered by JWST /NIRSpec.
Our break strength and color measurements are broadly
consistent with those reported in A. de Graaff et al.
(2025) and D. J. Setton et al. (2024).

The model points are spread roughly along the diag-
onal of Figure 10, with redder optical colors correlating
with stronger breaks. This trend persists even when
B — R > 2, where the effective temperature falls below
the optimal temperature in Figure 2. This is presum-
ably because the atmosphere layer where T' ~ 5000 K
is not very optically thick even for the coolest models
(see the right panel in Figure 6), so a Balmer break
formed there can still manifest itself. At a given opti-
cal color, models with lower luminosities show slightly
stronger breaks over most of the presented color range.
Since this luminosity dependence is modest, we broadly
term the area at or below the diagonal stripe of the
model points as consistent with the models (when com-
plemented with a UV component). The points denoting
observed objects generally fall into this area, although
RUBIES-UDS-154183 (A. de Graaff et al. 2025) lies at
the boundary (see also Figure 9). In the current liter-
ature, this source is unmatched in the break strength
except for “MoM-BH*-1” (R. P. Naidu et al. 2025), an
LRD at z = 7.76 with a very similar Balmer break and
continuum up to Awest = 6000 A, the red edge of the
available spectrum. Therefore, we find no significant
inconsistency between the model and most, if not all,
known LRDs in terms of the Balmer break strength.

6. DISCUSSION AND SUMMARY

This work aims to connect the observed Balmer break
and optical redness of LRDs with the theoretical picture
of super-Eddington accretion onto black holes. To this
end, we have constructed idealized atmosphere models of
super-Eddington accretion systems in a disk or spherical
geometry (Figure 1) and conducted radiation transport
calculations to study their continuum spectral proper-
ties. Our study contributes to a physically motivated
interpretation of LRDs.

Our first conclusion is that a photosphere at T ~
5000 K and p < 107% g cm ™2 produces a Balmer break.
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The underlying physics is the same as the well-known
break feature in early-type stars, namely a discontinu-
ity in opacity at the Balmer limit. The optimal pho-
tosphere temperature to produce the Balmer break in-
creases with density as indicated by the opacity law (Fig-
ure 2). This is why our models produce strong Balmer
breaks at lower effective temperatures than stellar at-
mospheres.

We further find that super-Eddington accretion sys-
tems naturally have p < 1072 g cm™2 at the photo-
sphere. This is true for both the disk (Equation (5))
and the sphere (Figure 5) scenarios. We conclude that a
super-Eddington system will robustly produce a Balmer
break if the photosphere is cool (Figures 4, 7-10).

The remaining question is the ubiquity of the cool
photosphere, i.e. the optical redness of LRDs. We find
that the sphere scenario gives an effective temperature
of 4000 K < Ter < 6000 K over a wide range of the ref-
erence densities, i.e., accretion rates (Figure 5). This is
due to electron recombination producing a strong tem-
perature dependence of the opacity, and is analogous
to the origin of the Hayashi line in stellar models. To-
gether, the sphere scenario naturally reproduces the op-
tical color and the Balmer break of LRDs (Figure 9).
By contrast, a standard thin disk model (which can be
present in the outer parts of super-Eddington accretion
flows) would explain the optical redness of LRDs only
if the disk is truncated at the radius where the effective
temperature is ~ 5000 K. We are unsure why this should
generically be the case.

6.1. Comparison to prior work

Our explanation of the Balmer break is related to the
work of K. Inayoshi & R. Maiolino (2025), who pro-
posed that a dense gas shell, where neutral hydrogen is
collisionally excited to the n = 2 state, absorbs photons
bluer than the Balmer limit and thus imprints a Balmer
break on an otherwise featureless continuum spectrum.
They inferred the properties of the proposed gas shell
using CLOUDY models, a method subsequently adopted
in various case studies (X. Ji et al. 2025; R. P. Naidu
et al. 2025; A. de Graaff et al. 2025; A. J. Taylor et al.
2025). The photospheric Balmer break in our models
has a similar microphysical origin and does not contra-
dict the absorbing gas shell picture. However, in the
language of CLOUDY, our work does not need to as-
sume an “incident” radiation spectrum: the continuum
flux and the Balmer break arise self-consistently from
radiation transport calculations given a physically mo-
tivated model of the gas distribution. This allows us
to predict the continuum color from atmosphere mod-
els. We also note that our method can handle large

scattering optical depths expected in super-Eddington
accretion flows, which CLOUDY presently cannot model
(see Section 10.8 in the documentation “Hazyl”, G. J.
Ferland et al. 2023).

When this work was close to completion, D. Kido
et al. (2025) proposed that an optically thick envelope
around the black hole produces an effective temperature
of Ter ~ 5000-7000 K, close to the Hayashi limit (C.
Hayashi 1961). Both D. Kido et al. (2025) and we argue
that for an optically thick spherical system, hydrogen
recombination produces a large change in opacity with
temperature and thus sets the effective temperature ob-
served. However, our work differs from D. Kido et al.
(2025) in that we carry out detailed radiation transport
calculations to predict spectra that are similar to those
observed. In addition, we argue that the Balmer break
and the continuum emission can be produced roughly
at the same location in the accretion flow photosphere,
rather than requiring a separate dynamical component
at larger radii to produce the Balmer break. The im-
portance of the change in opacity at hydrogen recombi-
nation emphasized here and in D. Kido et al. (2025) in
the context of LRDs was in fact predicted in the “quasi-
star” model (M. C. Begelman et al. 2008) for the early
growth of supermassive black hole seeds. M. C. Begel-
man et al. (2008) also highlighted the analogy to the
Hayashi line in stellar models that we have emphasized.

6.2. Caveats and future directions

All models in this work have assumed LTE, and our
spectral calculations do not account for lines or gas mo-
tion. Detailed spectral predictions, including the emis-
sion and absorption lines observed from LRDs, require
non-LTE radiation transport and likely depend on the
atmosphere structure. However, the physical analogy
between the photosphere of spherical super-Eddington
accretion flows and that of stars suggests possible ob-
servational similarity in their spectral features, of which
the Balmer break is just one example. We anticipate
that future high-resolution spectroscopy can probe the
density, temperature, metallicity, and kinematics of the
LRD photosphere, which will test our scenarios directly
(see an interesting observational case in X. Lin et al.
2025, in prep).

Despite the success of our model in reproducing as-
pects of the observed spectra of LRDs, many open ques-
tions remain. Returning to the cartoon in Figure 1,
while we can reproduce a Balmer break from a disk
geometry, it is unclear how to truncate the disk at
Teg ~ 5000 K, which is required to reproduce the opti-
cal redness of the LRDs (Figure 4). A structural change
of the disk, due to the opacity or other properties of



the gas at this particular effective temperature, might
generate such a truncation. Specifically, the disk could
potentially become quasi-spherical at small radii, lead-
ing to a composite disk-sphere scenario. However, we
have not explored at what radius this transition should
occur and whether it is connected to an effective tem-
perature of ~ 5000 K. In the sphere scenario, we have
remained agnostic about the exact cause of the geomet-
ric thickness. Radiation pressure alone can only support
a geometrically thick disk within a radius ~ 10Agqq Ry,
which is generally smaller than the photospheric radius
in our spherical models. If, however, dense gas is fueled
from larger scales with a wide range of angular momenta,
or if optically thick winds from small radii modify the
dynamical and emission properties of the gas at large
radii, the spherical structure may be maintained at the
scale of the ~ 5000 K photosphere.

We have yet to account for the origin of the broad
emission lines of LRDs. Super-Eddington accretion the-
ory and simulations generically predict rapid outflows
with a much lower density than other regions of the
flow (e.g., N. I. Shakura & R. A. Sunyaev 1973; Y.-F.
Jiang et al. 2019); these may also be quite clumpy (H.
Kobayashi et al. 2018), as is the case for radiation-driven
stellar winds (e.g., S. P. Owocki et al. 2004). Such lower-
density regions may expose hot gas at smaller radii, en-
abling ionizing photons to escape and power the broad
lines. Indeed, our spherical models with lower refer-
ence density (which could correspond to a higher-speed
component at a given mass flow rate) have significantly
higher effective temperatures (Figures 5 and 7). An ap-
propriate superposition of a range of flow velocities and
densities could plausibly explain the full spectra of LRDs
from the UV to the near-infrared, including the broad
emission lines.

The gas density and velocity distributions are un-
doubtedly much more complex than our simple models,
which may be responsible for the complex broad line pro-
files, including Balmer absorption, of many LRDs (e.g.,
R. Maiolino et al. 2025; D. D. Kocevski et al. 2024; 1.
Juodzbalis et al. 2024). In addition, super-Eddington
accretion flows may explain the X-ray weakness of LRDs
(F. Pacucci & R. Narayan 2024; E. Lambrides et al.
2024; K. Inayoshi et al. 2024; P. Madau & F. Haardt
2024; A. Trinca et al. 2024); while this was recently ques-
tioned in A. Sacchi & A. Bogdan (2025), we note that
quantitative X-ray predictions depend on computational
methods, the assumed gas geometry, the bolometric cor-
rection, and physical parameters such as the Eddington
ratio. Ultimately, the simple super-Eddington models
presented here will need to be supplemented by real-
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istic three-dimensional simulations tailored for LRDs—
those with physical parameters relevant to supermas-
sive black holes and enough spatial dynamic range to
include the regions responsible for emission from the X-
ray (if present) to the optical-infrared (we expect that
the optical-infrared emission arises at large radii where
current simulations are not in statistically steady state).
The results of super-Eddington simulations may be par-
ticularly sensitive to the geometry of the accreting gas.
The gas is possibly much less ordered than standard ro-
tating initial conditions used in most simulations, which
could suppress the X-ray emission and the viewing angle
dependence of the spectra. Drawing initial conditions
from simulations of high-redshift galaxies could inform
more physical models of super-Eddington accretion in
LRDs.

The interpretation favored in this paper is one in
which LRDs are powered by relatively low-mass black
holes that are highly super-Eddington. This suggests
an important phase of black hole growth, with potential
evolutionary links to the initial seeding stage (K. In-
ayoshi 2025; K. Inayoshi et al. 2020; M. Volonteri et al.
2021; see also the quasi-star scenario in M. C. Begelman
et al. 2008; E. R. Coughlin & M. C. Begelman 2024).
Although significant work remains, our work points to
LRDs as an exciting and unique new probe of black hole
evolution and demographics.

ACKNOWLEDGMENTS

H. L. thanks Lizhong Zhang, Minghao Guo, Xiurui
Zhao, and Bertrand Plez for constructive discussions.
The simulations presented in this article were performed
on computational resources managed and supported by
Princeton Research Computing, a consortium of groups
including the Princeton Institute for Computational Sci-
ence and Engineering (PICSciE) and the Office of In-
formation Technology’s High Performance Computing
Center and Visualization Laboratory at Princeton Uni-
versity. The Center for Computational Astrophysics at
the Flatiron Institute is supported by the Simons Foun-
dation.

Software: Astropy ( Astropy Collaboration et al.
2013, 2018, 2022), Athena++ (J. M. Stone et al. 2020),
FastChem (J. W. Stock et al. 2022), Matplotlib (J. D.
Hunter 2007), Numpy (C. R. Harris et al. 2020), Optab
(S. Hirose et al. 2022), Pyphot (M. Fouesneau 2025),
Scipy (P. Virtanen et al. 2020), Seaborn (M. L. Waskom
2021)



18

APPENDIX

A. VERTICAL STRUCTURE OF THE DISK
MODEL

We consider a radiation-dominated thin disk. At each
annulus at radius 7, the equations include hydrostatic

equilibrium,
1dE;.q

3 dz
definition of the optical depth,

= _QZpZ ) (Al)

— == A2
dz RRP, ( )
radiative energy transport,
1dE,.q F
—— = A3
3 dr c’ (A3)
and thermal equilibrium,
dF
r__Q "
dr KRp
Here, z is the vertical coordinate, with z = 0 being

the midplane location, Ey,q = aT* is the radiation en-
ergy density, = \/GMgpp/r? is the Keplerian angu-
lar velocity, F' is the vertical radiation flux, kg is the
Rosseland-mean opacity, and @) is the heating rate per
unit volume due to accretion. Consistent with previ-
ous radiation hydrodynamic simulations of radiation-
dominated accretion disks (S. Hirose et al. 2009), we as-
sume @Q o pr~ /2. The boundary conditions are {p = 0,
F = oT%, E = aT%/2} at 7 = 0, where Tog is given
by Equation (3), and {z =0, F = 0} at 7 = 7,,,, where
Tm > 1 is the midplane optical depth to be determined
later. We have five boundary conditions for the four
equations; the one extra condition serves to fix the nor-
malization factor of Q.

The above system of equations is challenging to solve
even numerically due to the complex temperature and
density dependence of the opacity. Moreover, we ex-
pect the solution to involve dynamically unstable den-
sity inversion (Appendix A.1). Therefore, we adopt an
approximate solution as follows. We first assume that
KR = Kes, Which is accurate in the ionized disk inte-
rior. This allows us to solve Equation (A4) and then
Equation (A3) analytically:

T

F(1) =0T (1 - ) , (A5)

Tm

1 3
E,oq(7) = §aTe4ff (1 + 57’ — /TTT> , (A6)

and then Equations (A1)(A2) imply

=) e

where 0 < z < H, and

Keso Tk
02c
is the height at which the density drops to zero. Note
that p monotonically decreases with z, so this solution
excludes any density inversion. The temperature pro-
file follows from E,.q = aT*. Next, we partially relax
the assumption of kg = Kes. Using the density profile,
Equation (A7), we calculate 7(z) from Equation (A2)
using a realistic table of the Rosseland-mean opacity
kr(p,T). The optical depth profile then gives F'(z) and
E,ad(2) from Equation (A5)(A6). In effect, if we assume
Q x krpT /% instead of Q o< pT~'/? (being still consis-
tent with S. Hirose et al. 2009, where kg is dominated by
Kes), then our approximate solution will strictly satisfy
Equations (A2)(A3)(A4) with realistic opacities, agree
with Equation (A1) in the disk interior, and avoid den-

sity inversion near the disk surface when 7' < 10* K.
The remaining undetermined quantity is 7,,,. We use
the a-disk prescription, requiring

H= (A8)

" .

% /0 %Eraddz - 6% (A9)
which is generalized from the standard, vertically in-
tegrated a-disk model. We fix a = 0.1 in this work.
This additional equation determines 7, and completes
our analytical model. In practice, 7, is determined
iteratively. For each set of independent parameters
(M, Agaa), we explore a range of radii that give effec-
tive temperatures around 5000 K. For each r, we make
an initial guess for 7,,, obtain F'(7), Eyaqa(7), p(2), and
7(z), then compare the two sides of Equation (A9) and
update 7, until this equation is satisfied. Finally, we
collect p(2),Q(z),T(z), and F(z) and apply them to
the simulations. The density profile is fixed. The heat-
ing rate is implemented as a fixed explicit energy source
term in ATHENA+-. The last two terms serve as initial
conditions, as described in Section 3.1.

A.1. A note on density inversion

We have described the equations satisfied by a thin
disk annulus under hydrostatic equilibrium and radia-
tive energy transport but did not solve them exactly.
The choice is technical and physical.
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Figure 11. Comparison of model disk vertical profiles for
the case Mgu = 107 Mo, Apaa = 1. The vertical axis
is scaled linearly below 1072 g cm™® and logarithmically
above. Solid curves denote the full solution described in
Appendix A.1. Dashed curves denote the approximation de-
scribed in Appendix A and applied in the main text. The full
model shows density inversion at radii » > 10%? Ry, which
is avoided in the approximate model.

The main challenge in solving the equations is the
need to obtain p implicitly from kr: we cannot directly
update p because it does not appear on the left-hand
side of Equations (A1)—(A4). This requires mapping kg
to p at a given temperature. But this is not always
possible: sometimes, no value of p in the entire opacity
table will give the desired xg.

This issue will be partially circumvented if we include
the gas pressure in the hydrostatic equibiliurm equation,
i.e., if we replace Equation (A1) with

d Erad pkBT 2
— =—0%z. Al
dz < 3 * Hmy pe (A10)

This introduces p to the derivative term, which allows
us to find p using standard techniques of initial value
problems and eliminates the need to infer p from xg.
However, Equation (A10) will become stiff in the super-
Eddington regime, where E,.q > pkgT/um,, and eval-
uating the derivative of p will result in catastrophic can-
celation. In practice, we have successfully solved the
system of Equations (A10)(A2)(A3)(A4) when Mpy =
107 Mg, Agaqa = 1 but not when Mpy = 107 Mg, Agaa =
102

Even without these technical difficulties, the solution
may show an unstable density inversion. We show this
by solving Equations (A10)(A2)(A3)(A4) numerically
in the case Mgy = 107 Mg, gqa = 1. Figure 11
presents the solution for a range of radii in solid curves.
For comparison, the dashed curves show the approxi-
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Figure 12. Disk vertical temperature profile from the gray
simulations. The disk has Mgn = 107 Me and Agaq = 102,
Each curve represents an individual simulation of an annulus.

mate solutions that we developed above in Appendix A
and applied to calculate the spectra in Figure 4. At
r > 1032 Rg, or T,y < 7606 K, a local maximum in
density at T < 10* K appears in the full solution, im-
plying a disk surface layer that is denser than the inte-
rior. Previous work on sub-Eddington disks has noted
similar behavior (I. Hubeny et al. 2000). This configu-
ration will unlikely be sustained in a realistic disk due
to the Rayleigh-Taylor instability. On the other hand,
in the approximate solutions, the density monotonically
increases with temperature and hence decreases with
height throughout each annulus; see Equation (A7).

In summary, we adopt the approximate model because
it is computationally tractable in the super-Eddington
regime and because it does not show any physically un-
stable density inversion. As a caveat, we do not ex-
pect the model to represent a realistic annulus struc-
ture, which requires dedicated simulations especially in
the presence of turbulence.

A.2. Temperature structure from gray simulations

For completeness, this subsection reports the temper-
ature profiles from gray simulations in the disk models.
Figure 12 shows the temperature of a range of annulus
radii in the case with Mgy = 107 Mg, Agqq = 10%. For
each annulus, the temperature decreases with height,
which is required for radiative energy transport. The
right end of each curve reaches T(r = 0) = 27 Y/4T ¢
(relative error < 4%), as expected from Equation (AG6).
For those annuli with low T.g, the temperature decreases
dramatically with z at T' ~ 8000 K and then flattens due
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to variations in the Rosseland- and Planck-mean opaci-
ties with temperature.
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