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ABSTRACT

We present a comprehensive analysis of super-Eddington black hole accretion simulations that solve the
GRMHD equations coupled with angle-discretized radiation transport. The simulations span a range of accre-
tion rates, two black hole spins, and two magnetic field topologies, and include resolution studies as well as
comparisons with non-radiative models. Super-Eddington accretion flows consistently develop geometrically
thick disks supported by radiation pressure, regardless of magnetic field configuration. Radiation generated in
the inner disk drives substantial outflows, forming conical funnel regions that limit photon escape and result in
very low radiation efficiency. The accretion flows are highly turbulent with thermal energy transport dominated
by radiation advection rather than diffusion. Angular momentum is primarily carried outward by Maxwell
stress, with turbulent Reynolds stress playing a subdominant role. Both strong and weak jets are produced.
Strong jets arise from sufficient net vertical magnetic flux and rapid black hole spin and can effectively evacuate
the funnel, enabling radiation to escape through strong geometric beaming. In contrast, weak jets fail to clear
the funnel, which becomes obscured by radiation-driven outflows and leads to distinct observational signatures.
Spiral structures are observed in the plunging region, behaving like density waves. These super-Eddington mod-
els are applicable to a variety of astronomical systems, including ultraluminous X-ray sources, little red dots,
and black hole transients.

Keywords: Radiative magnetohydrodynamics (2009) — General relativity (641) — Black hole physics (159) —

Accretion (14) — Jets (870) — Ultraluminous X-ray sources (2164)

1. INTRODUCTION

Accretion onto a compact object is regulated by radiation
feedback, where radiation produced by the accretion pro-
cess can further inhibit inflow by exerting outward pressure.
The Eddington limit is defined as the threshold at which the
outward radiation force on isotropically infalling material
balances the inward gravitational pull. While this classical
limit applies to spherically symmetric accretion and sets an
upper bound on the accretion rate, theoretical studies have
shown that accretion beyond this limit (i.e., super-Eddington
accretion) is possible through anisotropic flows (see review
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by Jiang & Dai 2024, and references therein), in which ge-
ometric collimation and powerful equatorial outflows redi-
rect energy and allow super-Eddington mass inflow to persist
(Shakura & Sunyaev 1973).

Super-Eddington accretion is increasingly recognized as
a fundamental process underlying many high-energy astro-
physical phenomena. Observational evidence suggests that
such accretion flows can power ultraluminous X-ray sources
(ULXs; Kaaret et al. 2017; King et al. 2023), little red dots
(LRDs; Greene et al. 2024; Liu et al. 2025), tidal disruption
events (TDEs; Gezari 2021), and stellar-mass black hole bi-
naries (BHBs; Stone et al. 2017; Rodriguez-Ramirez et al.
2025), and may also contribute to the rapid growth of both
stellar-mass and supermassive black holes (e.g., Madau et al.
2014; Volonteri et al. 2021). Both black holes and neutron


http://orcid.org/0000-0003-0232-0879
http://orcid.org/0000-0001-5603-1832
http://orcid.org/0000-0001-7448-4253
http://orcid.org/0000-0001-7488-4468
http://orcid.org/0000-0002-2624-3399
http://orcid.org/0000-0003-2131-4634
http://astrothesaurus.org/uat/2009
http://astrothesaurus.org/uat/641
http://astrothesaurus.org/uat/159
http://astrothesaurus.org/uat/14
http://astrothesaurus.org/uat/870
http://astrothesaurus.org/uat/2164
mailto: lizhong4physics@gmail.com
https://arxiv.org/abs/2509.10638v1

2

stars have been identified as central engines in these systems
(Sutton et al. 2013; Cseh et al. 2014; Bachetti et al. 2014), of-
ten accompanied by relativistic jets or optically thick winds.

Due to their distinct characteristics, super-Eddington ac-
cretion flows are often described using the slim disk mod-
els (Abramowicz et al. 1988; Beloborodov 1998; Sadowski
2009; Abramowicz & Fragile 2013), which accounts for ra-
dial energy advection — a key component in regulating the en-
ergy balance within optically thick inflows near black holes.
However, the theoretical understanding of super-Eddington
accretion remains incomplete. Critical aspects such as energy
transport, radiation collimation, angular momentum redistri-
bution, and jet formation require detailed modeling across
a range of plausible physical conditions. Although signifi-
cant progress has been made through radiation magnetohy-
drodynamic simulations (see, e.g., Jiang et al. 2014a; Sa-
dowski et al. 2014; McKinney et al. 2014, 2015; Sadowski
& Narayan 2016; McKinney et al. 2017; Narayan et al. 2017;
Jiang et al. 2019b; Utsumi et al. 2022; Curd & Narayan 2023;
Fragile et al. 2025), a robust numerical framework, system-
atic parameter exploration, and comprehensive analysis that
connects simulations, analytical models, and observations
are still under development.

Establishing a coherent physical picture across different
parameter regimes is one of the primary goals of this project.
In Paper I, we presented an overview of simulation results
covering a broad range of mass accretion rates. This paper
focuses specifically on the super-Eddington models and in-
troduces the analysis routine that will be systematically ap-
plied throughout the remainder of the series (i.e., Papers III
and IV).

This paper is organized as follows. In Section 2, we briefly
review the numerical methods and define auxiliary operators
used throughout the paper. In Section 3, we present a detailed
analysis of the super-Eddington models, including time evo-
lution, steady-state structure, angular momentum and energy
transport, outflows and jet properties, and the plunging re-
gion. In Section 4, we assess the quality of our numerical
results, explore observational applications, and compare our
findings with non-radiative models, slim disk theory, and pre-
vious simulation works. Finally, in Section 5, we summarize
the main results of this work.

2. NUMERICAL METHODS

Simulations are performed using ATHENAK (Stone et al.
2024) via solving the radiation GRMHD equations (White
et al. 2023) in Cartesian Kerr-Schild coordinates. Radiation
intensity is frequency-integrated and computed in an angle-
dependent manner. The full set of governing equations in-
cluding radiation source terms, as well as the initial and
boundary conditions, are detailed in Section 2 of Paper I.

We adopt both intermediate- and low-resolution mesh con-
figurations for our super-Eddington models, as described in
Section 2 of Paper I. In addition to the details provided
there, the intermediate-resolution setup consists of 2048 cells
in both the z- and y-directions and 1152 cells in the z-
direction passing through the origin. For comparison, the
low-resolution setup contains 1152 cells in the z- and y-
directions and 640 cells in the z-direction.

Both grid configurations are used for all single-loop mod-
els, with the low-resolution runs designated for the resolution
study. For the double-loop and non-radiative models, only
low-resolution setups are used, as their intrinsically thick
disk structures reduce resolution requirements. In addition
to spatial resolution, we also increase the radiation angular
resolution in one representative single-loop model to exam-
ine its effect.

We present a suite of 12 simulations to study black hole
accretion in the super-Eddington regime, with 7 main mod-
els summarized in Table 1. The remaining 5 are dedicated
to resolution studies and discussed in detail in Section 4.2.
The parameter space spans two black hole spins (0.3 and
0.9375), two magnetic field topologies, two resolution lev-
els, both radiative and non-radiative cases, and a range of
accretion rates. The accretion rate is set by the density unit
Po, as the radiative models are not scale-free.

The model naming convention follows Paper I and re-
flects multiple parameters: normalized accretion rate (‘E’),
black hole spin (‘a’), magnetic field topology (single-loop
by defaultand ‘DL’ for double-loop), and resolution level
(‘LR’ for low-resolution models). The non-radiative runs
use single-loop magnetic fields and are scale-free, labeled as
‘NoRad’ followed by the black hole spin (‘a’).

In the low-density funnel region where the jet forms, the
fluid density approaches the numerical floor, and the high-
density unit can artificially enhance the Compton process,
thereby overcooling the funnel. To mitigate this issue, we
apply a density reduction to the radiation-gas coupling terms
when the local density approaches the floor value. Fur-
ther details of this numerical treatment are provided in Ap-
pendix A.

For convenience, we define the following notations used in
the subsequent sections to denote time, azimuthal, and com-
bined time-azimuthal averages:
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Table 1. Comparison of time- and azimuthally averaged properties of the super-Eddington models

Name Po AZdisk,10  Teq  Ttr Pt(hd;xs"lx;) Pr(nii;k) &;/[(ziism &rRe(sf:}jlb
(g/cm?) (rg)  (rg) (rg) (107 dyn/em?) (10" dyn/em?®)  (1077) (1072)
(1 @ 3 @ ©® (6) (M ®) ©)
E150-a9 le-1 25 38 50 24.04 rit** 0.57r,% 35271700 1.04 7
E88-a3 3e-2 17 46 63 12.91 7,30 0.42 7% 3.96 1% 1.35 70"
E31-a3-DL  8e-4 16 30 87 3.55 2 0.177,"%  4.03r%  1.667r "
E15-a29 le-2 21 49 25 2.77 ot 0.08 7, 2.927r7% 0857
E9-a3 3e-3 14 32 17 1.64 ry 0t 0.04 7% 37277 1.08r 0"
NoRad-a9 - 38 49 - o< 0.95 777 x 0.05 7,77 57810 1.05 2!
NoRad-a3 - 24 59 - oc 0.94 r7, % x 0.06 7,7t 7220700 2,220

NOTE— Recall that non-radiative models are dimensionless; thus, their pressure measurements are normalized by the
total pressure (indicated by o). Columns (from left to right): (1) Model name; (2) Simulation density unit; (3) Disk
vertical thickness at r = 10ry; (4) Maximum inflow equilibrium radius; (5) Photon trapping radius; (6) Power-law fitted,
disk-averaged thermal pressure (gas + radiation); (7) Power-law fitted, disk-averaged magnetic pressure; (8) Power-law
fitted, disk-averaged radial Maxwell component of the angular momentum flux, normalized by the total pressure (see
equation 13); (9) Power-law fitted, disk-averaged radial turbulent Reynolds component of the angular momentum flux,
normalized by the total pressure (see equation 13).

(a) Gas density with magnetic streamlines (b) Radiation energy density in the fluid frame

Figure 1. 3D rendering of model E88-a3-LR. Left panel: Gas density with magnetic streamlines highlighting the jet region at ¢ = 500007, /c.
The accretion disk is geometrically thick, with density increasing toward the midplane. The jet is launched near the spinning black hole and
is threaded by helical magnetic fields that extend to large distances. Streamline colors indicate magnetic field strength, transitioning from
green/yellow (weaker) to orange/red (stronger). Right panel: Radiation energy density in the fluid frame at ¢ = 327007, /c. Most of the
radiation originates from the accretion disk, and is concentrated in the inner regions. The vertical structures above and below the central black
hole represent the radiation field within the funnel, which is significantly energized by the relativistic jet through scattering processes.



When analyzing disk properties, we define the vertical av-
erage over the disk region as:

1
N = — Sood 2
s Azgisk /disk oz &0

where Azg;qk is the vertical thickness of the disk (defined as
the gravitationally bound region) measured at a given cylin-
drical radius. The disk thickness at r = 107, for all models
is summarized in column (3) of Table 1.

When analyzing wind and jet properties at a given radius,
we define the region-specific spherical average as:

/ (5.0 V/—gd0d
wind/jet
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wind/jet
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3. RESULTS

In this section, we review the evolution history and de-
scribe the physical picture of the super-Eddington accreting
system. We then conduct a detailed steady-state analysis of
the disk, wind, and jet regions by examining representative
profiles and the conservation of momentum and energy. Ad-
ditionally, we investigate the accretion flow in the plunging
region, with particular focus on the physical properties of the
spiral structures.

All of our super-Eddington accreting systems approxi-
mately reach steady states by 15000r,/c and are further
evolved to 600007, /e. For comparison, the non-radiative
runs are evolved to 34000r,/c, with steady state similarly
established by around 200007, /c. As an example, the mor-
phological structure of a super-Eddington accretion system
is demonstrated in Figure 1, using snapshots of E88-a3-LR.
In the left panel, the 3D-rendered density profile is color-
coded in purple and overlaid with magnetic streamlines that
highlight the relativistic jet. The right panel shows the radi-
ation energy density in the fluid frame, where the vertically
conical distribution effectively traces the jet region, resulting
from the scattering process by the relativistic jet.

3.1. Time evolution

Figure 2 presents the evolution of the mass accretion rate
M and magnetic flux ¢ near the horizon at 3rg, with low-
spin black hole runs in the left column and high-spin runs
in the right. These quantities are defined by equation (5) in
Paper I, and the subscript ‘3’ denotes measurements taken
at 3ry. The mass accretion rate is normalized by the Ed-
dington mass accretion rate Mgaqa = 4rGMpu/(0.1k70),
assuming 0.1 radiation efficiency. Solid colored lines repre-
sent five simulations with varying accretion rates and black
hole spins at the highest applicable resolution. Dashed lines
in the same colors indicate their low-resolution counterparts,

included for resolution studies. Since the non-radiative runs
are scale-free, their mass accretion rates are rescaled using
the corresponding density units from the radiative runs and
shown as dotted lines in matching colors. The dimensionless
magnetic fluxes of the non-radiative runs are shown as black
dotted lines. Each curve is smoothed using a moving boxcar
with a time window of 400r /¢, and the color-shaded region
along each curve represents the 1o variation within the local
time window. The gray-shaded region marks the 100007, /c
interval used for the time-averaged analysis of radiative runs
in subsequent sections. For the non-radiative runs, the final
10000r /c of the simulation is used for time-averaging.

As shown in Figure 2, all radiative simulations remain in
the SANE state with ¢ < 4 and achieve the super-Eddington
accretion regime after reaching steady state. The system
initialized with a double-loop magnetic configuration shows
significantly lower magnetic flux compared to the single-loop
runs at the same black hole spin. In single-loop simulations,
the magnetic flux weakly depends on accretion rate in low-
spin cases, with slightly higher magnetic flux observed at
much higher accretion rates; in contrast, there is almost no
difference in high-spin cases. Between different spins, low-
spin systems generally maintain higher magnetic flux at com-
parable accretion rates. The evolution of accretion rate and
magnetic flux is remarkably consistent between non-radiative
and radiative runs, except in high-spin cases, where radia-
tive runs exhibit higher accretion rates and a corresponding
reduction in magnetic flux by approximately a factor of 1.5.
Low-resolution runs yield slightly lower accretion rates com-
pared to their intermediate-resolution counterparts. A de-
tailed discussion of the resolution effect is provided in Sec-
tion 4.2.

Figure 3 presents space-time diagrams of gas density, gas
temperature, and the toroidal magnetic field at a radius of
20r,. This radius lies within the mass inflow equilibrium re-
gion and represents the main body of the disk. The black
dashed lines and gray solid lines denote the effective and
scattering photospheres, respectively. The photosphere is de-
fined as the locations where the vertically integrated opti-
cal depth, computed from the domain boundaries toward the
midplane, equals unity. The scattering photosphere is deter-
mined using the Thomson scattering opacity «r, while the
effective photosphere is based on the effective opacity, de-
fined as \/krrp. The vertical structure of the disk stabi-
lizes after approximately 15000r,/c, with gas density and
temperature peaking near the midplane. The evolution of
the toroidal magnetic field exhibits butterfly patterns near the
midplane, driven by magnetic buoyancy and the dynamo pro-
cess associated with MRI (Brandenburg et al. 1995; Gres-
sel 2010; Blackman 2012), a behavior also observed in a
wide range of global (O’Neill et al. 2011; Jiang et al. 2014a,
2019b,a) and shearing-box (Stone et al. 1996; Miller & Stone
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Figure 2. Time evolution of the mass accretion rate Ms and magnetic flux 3 measured at 3r,. Left panels show low-spin cases, while right
panels present high-spin cases. Each color represents a different accretion rate, as indicated in the legend. Dashed lines denote low-resolution
simulations used for resolution studies, and dotted lines indicate non-radiative models. The gray-shaded region marks the time window used
for the time-averaged analysis of radiative models. All systems evolve into steady states and maintain super-Eddington accretion.
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Figure 3. Space-time diagrams of gas density, gas temperature, and the toroidal component of the 3-magnetic field measured at 20r,. The
black dashed lines mark the effective photosphere, and the gray solid lines denote the scattering photosphere.
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Figure 4. Time-averaged mass accretion rate as a function of ra-
dius. The upper and lower panels present two representative models
with different black hole spins, each including both intermediate-
and low-resolution runs for comparison. Model names are indicated
in the legend. Black lines show the net mass accretion rates, while
blue and red lines represent the spherically integrated mass fluxes,
accounting for only inflow and outflow, respectively.

2000; Davis et al. 2010; Shi et al. 2010; Simon et al. 2012;
Jiang et al. 2013; Jiang et al. 2014b; Salvesen et al. 2016a,b)
simulations.

3.2. Steady state

After steady state is established, inflow equilibrium is
achieved in all simulations within approximately 30 — 50r,.
Figure 4 shows the time-averaged mass accretion rates as a
function of radius for selected models with different black
hole spins. The gray-shaded regions indicate the radial ex-
tent from the innermost stable circular orbit (ISCO) to the
outer boundary of the inflow equilibrium. Blue and red lines
represent the spherically integrated net mass inflow and out-
flow rates, respectively, with simulation names labeled in the
legend. The outermost radii of the inflow equilibrium region
Teq for all models are summarized in column (4) of Table 1.

As demonstrated in Figure 4 of Paper I, the accretion sys-
tem can be partitioned into three regions: disk, wind, and
jet. The disk region is identified as gravitationally bound,
where the Bernoulli parameter Be is negative. The Bernoulli
parameter is defined to include radiation enthalpy within the

scattering photosphere and to exclude it outside the scattering
photosphere as:

_ Wdisktle (within scattering photosphere)
Be = wuf _ _ ,
—— =1 (outside scattering photosphere)
p

3)
where the total enthalpy per unit volume wgqisk = w + 4E, /3
is also extensively used in the subsequent analysis of the
disk region. The jet region is identified by tracing the out-
ermost velocity streamlines within the strongly magnetized
funnel located outside the disk, where b”b,/(pc®) > 1. A
detailed description of the jet identification is provided in Ap-
pendix B. The wind region then lies between the disk and jet
regions.

Figure 5 shows the 2D profiles of gas density (upper left),
magnetization (upper right), radiation energy density (lower
left), and gas temperature (lower right) in the steady state.
Since the super-Eddington accretion systems exhibit broadly
similar structures, we present only two representative models
(E88-a3 and E9-a3) for clarity. As labeled in the figure, each
panel presents a side-by-side comparison between a snapshot
and its time-averaged profile of the highly super-Eddington
model (E88-a3), followed by the time-averaged profile for
comparison at a lower accretion rate (E9-a3). Note that the
time-averaged profiles are also azimuthally averaged, and the
snapshot is taken at ¢ = 50000r,/c, corresponding to the
midpoint of the averaging interval. The mesh block structure
is overplotted in gray solid lines on the snapshot to illustrate
the static mesh refinement. In the time-averaged profiles,
auxiliary lines are included to distinguish different regions:
solid orange lines indicate the jet boundary, gray dashed lines
mark the disk surface, and gray solid and dotted lines repre-
sent the scattering and effective photospheres, respectively.
Additionally, streamlines are overlaid in the rightmost 2D
profile of each panel to visualize the corresponding vector
fields: velocity (u?) in the density panel, magnetic field (b*)
in the magnetization panel, coordinate-frame radiation flux
(R?)) in the radiation energy density panel, and fluid-frame
radiation flux (R',) in the temperature panel.

In the super-Eddington accretion regime, the accretion
disk is thermally expanded, forming a narrow conical funnel
along the polar axis. The disk body is highly turbulent due
to MRI, and radiation is strongly beamed within the funnel
as a result of geometric confinement. As shown in the up-
per right panel, magnetization increases from the disk to the
jet regions: the disk region (within dashed lines) is weakly
magnetized, the wind region (between the solid orange and
gray lines) is mildly magnetized, and the jet region (from the
pole to the solid orange line) is strongly magnetized. The
initial magnetic field topology (a single loop in this case), is
well preserved, as traced by the field streamlines, where the
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Figure 5. 2D steady-state profiles of gas density (upper left), magnetization (upper right), fluid-frame radiation energy density (lower left), and
gas temperature (lower right) for representative super-Eddington models. Each panel presents a side-by-side comparison between a snapshot
and its time average of the highly super-Eddington model (E88-a3), followed by the time-averaged profile of a lower accretion rate model
(E9-a3). Different streamlines are overlaid: velocity in the density panel, magnetic field in the magnetization panel, coordinate-frame radiation
flux in the radiation energy density panel, and fluid-frame radiation flux in the gas temperature panel. Auxiliary lines are overplotted on the 2D
profiles to delineate different regions: orange lines indicate jet boundaries, solid gray lines mark the scattering photosphere, gray dashed lines
denote disk boundaries, and gray dotted lines represent the effective photosphere.

jet outflows open the dipole loop, leaving net poloidal fields
threading through the black hole.

The accretion disk (within gray dashed lines) is primar-
ily supported by radiation pressure, with the local radiative
force indicated by the streamlines of the fluid-frame radi-
ation flux (lower right panel). At small radii, radiation is
largely trapped by the optically thick accretion flow, as shown
by the coordinate-frame radiation flux, which follows the in-
flow into the black hole within approximately 157, in the
E9-a3 case (lower left panel). Since thermal transport near
the black hole is dominated by advection, the trapping ra-

dius is more accurately defined based on radiation advection
(see Figure 5 in Paper I). The trapping radii ¢, for all super-
Eddington models are summarized in column (5) of Table 1.
Note that there exist gravitationally bound outflows within
the disk body, as indicated by the outward fluid velocity just
below the disk surface (upper left panel). The fraction of
these bound outflows further increases with accretion rate
(e.g., see the upper panels of Figure 4 in Paper I for E§8-a3).

The outflowing wind (between the solid orange and gray
dashed lines) is launched near the disk surface, as shown by
the velocity streamlines in the upper left panel, and is pri-
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marily driven by excess local radiation pressure. The wind
region is generally narrow and consists of a hotter, optically
thin component (between the solid gray and orange lines) and
a cooler, optically thick component (between the gray dashed
and solid lines). The optically thick wind facilitates outward
radiation transport via advection and becomes increasingly
dominant at higher accretion rates. For example, in E88-a3,
the majority of the wind is optically thick, in contrast to E9-
a3.

The jet region (between the polar axis and the solid or-
ange line) is typically optically thin and characterized by
extremely low density. In the single-loop magnetic con-
figuration, the jet is highly relativistic and powered by the
Blandford-Znajek process (Blandford & Znajek 1977). In
this case, the jet is strong enough to evacuate a well-defined
conical funnel, where photons originating from the disk exert
a drag on the jet outflow, as evidenced by the negative fluid-
frame radiation flux in the lower right panel. However, for
the double-loop case (E31-a3-DL), the MHD jet is intermit-
tent and weak, unable to clear the funnel. Instead, a mildly
relativistic outflow forms along the polar axis, driven by ra-
diation pressure at larger radii. Further details are provided
in Section 3.6.2.

3.3. Radial structure

The disk body is defined as the gravitationally bound re-
gion, within which we compute disk-averaged quantities,
including gas density, gas/magnetic/radiation pressure, and
gas/radiation temperature, as follows:

is is L Y
p(d k) = <p>disk } P’rg’? k) = 5 <b b”>disk ?
1, -
disk ° - g <Er>disk ’

Pg(disk) _ <Pg> pr(disk) _
7(disk) _ pmy (Po) gig 7(disk) _ <<Er>disk>

Bl

7 ke (P)aisk ’ ar

where kp is the Boltzmann constant, and m,, is the proton
mass. The mean molecular weight ;1 = 0.5, is adopted for
ionized hydrogen. The quantity a, refers to the radiation den-
sity constant.

Figure 6 presents 1D profiles of representative models,
showing optical depth, gas density, pressure, and tempera-
ture. In the following, we define these quantities and discuss
their trends across the simulations.

The first row of Figure 6 shows two types of disk optical
depths: the scattering optical depth (solid lines) and the ef-
fective optical depth (dot-dashed lines), defined as

T,S(diSk) = / <p/€T>¢7t dz , (5a)
disk

Te(giSk) = /d ) (pVETEP) 4, dz . (5b)
18

Since the scattering opacity is constant, Ts(diSk) effectively

traces the disk surface density. The effective optical depth
is always smaller than the scattering optical depth at a given
radius, as the system resides in a high-temperature regime
where the Planck mean opacity is much lower than the Thom-
son opacity. Within the inflow equilibrium region, both op-
tical depths increase with radius, reflecting the wedge-like
geometry of the disk.

The levels of density, pressure, and temperature generally
increase with higher accretion rate.

The second row of Figure 6 presents gas density profiles,
measured both in disk average (solid line) and at the mid-
plane (dashed line). The higher midplane density relative to
the disk average suggests a concentration of mass towards the
midplane, which is further examined in Section 3.4. Addi-
tionally, the density profiles do not follow a clear power-law
trend with radius, reflecting the radiation-dominated nature
of the disk.

Pressure profiles, shown in the third row, are also measured
as disk averages (solid lines) and at the midplane (dashed
lines), with gas, magnetic, and radiation pressures plotted in
black, blue, and red, respectively. All systems are dominated
by radiation pressure, while magnetic pressure remains sub-
dominant. Both radiation and magnetic pressures follow a
clear power-law dependence on radius. Gas pressure, on the
other hand, mirrors the behavior of the density profiles and
shows almost no power-law dependence. The power-law fit-
ted thermal (gas + radiation) and magnetic pressures for all
models are listed in columns (6) and (7) of Table 1.

The fourth row presents the temperatures of both radiation
and gas, measured as disk-averaged values and at the mid-
plane (using the same line styles and colors as before). Both
temperatures exhibit a power-law dependence on radius, with
the fitted gas temperatures for all models provided in Table 1
of Paper 1. While gas and radiation temperatures are in ther-
mal equilibrium near the midplane, the disk-averaged gas
temperature is slightly higher than the disk-averaged radia-
tion temperature. This difference arises from contributions
near the disk surface, where gas and radiation become less
thermally decoupled.

In the temperature panels, the green shading represents
temperature profiles inferred from the slim disk model over a
range of constant «v, with the minimum and maximum values
corresponding to the lower and upper bounds of the shaded
region, respectively. The slim disk solutions are computed
by integrating from the outer edge of the inflow equilibrium
region (r.q) down to 674, using the midplane profiles as ini-
tial conditions. From left to right, we select o ranges of
[0.0165,0.02], [0.04,0.08], and [0.025, 0.035], respectively,
to approximately match the midplane temperature profiles.
Note that the green shaded region remains relatively broad
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Figure 6. Radial profiles of accretion disks in time- and azimuthal average for representative models. The first row shows two types of
disk optical depths: scattering (solid lines) and effective (dot-dashed lines). The remaining panels display density, pressure, and temperature,
measured as disk averages (solid lines) and at the midplane (dashed lines). Gas, magnetic, and radiation quantities are shown in black, blue,
and red, respectively. For comparison, temperature profiles inferred from the slim disk model over a range of constant « are shown in green
shading. Details on how these quantities are computed are provided in Section 3.3.

despite the narrow range of «, indicating the slim disk solu-
tion is highly sensitive to the choice of .

3.4. Vertical structure

Figure 7 presents the vertical profiles of density, pressure,
temperature, and four-force components at selected radii. A
horizontal distance of 167, is used, with the disk body high-
lighted in yellow. For comparison, the density profile at 4r,

is also included, with the corresponding disk region shaded
in gray.

The first row shows the vertical density profiles, where
measurements at 167, and 4r, are represented by solid and
dashed lines, respectively. Gas density peaks near the mid-
plane, consistent with the radial profiles in Figure 6, where
the midplane density exceeds the disk average. The double-
loop model (E31-a3-DL) exhibits a slightly lower degree of
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Figure 7. Vertical profiles of accretion disks in time- and azimuthal average for representative models. From top to bottom, the rows show
density, pressure, temperature, and four-force profiles measured at a horizontal distance of 16r,, with the disk region highlighted in yellow.
Gas, magnetic, and radiation components are shown in black, blue, and red, respectively. In the first row, the density profile at 47, is also
included (dashed lines), with the corresponding disk region shaded in gray. In the last row, the frame force (primarily gravity) is indicated by
dashed gray lines. Details on these measurements are provided in Section 3.4.

midplane density concentration compared to the single-loop
models.

The second row shows the vertical profiles of gas (black),
magnetic (blue), and radiation (red) pressures at 167,. Both
radiation and gas pressures increase toward the midplane,
providing vertical support against gravity, with radiation
pressure being dominant. In contrast, magnetic pressure ex-
hibits a local minimum near the midplane, which compresses
the disk. This inverse magnetic energy distribution is likely

a result of magnetic buoyancy, as evidenced by the butter-
fly patterns in Figure 3. However, the relatively flat vertical
distribution of magnetic pressure results in a small gradient,
making its dynamical contribution negligible.

The third row displays the vertical profiles of gas and ra-
diation temperatures at 1674, with radiation temperature in
red and gas temperature in black. The overall temperature
regime increases with higher accretion rate. Local thermal
equilibrium is largely maintained within the disk region, al-



though gas and radiation temperatures begin to decouple near
the disk surface.

The last row presents the vertical components of the gas
pressure force (black), total magnetic force (blue), and radia-
tion force (red) within the disk body at horizontal distance of
167,. The frame force, dominated by gravity and computed
using the four-velocity u* = (1,0,0,0), is multiplied by -1
and shown as gray dashed lines. Gravity is primarily bal-
anced by the radiation force, with gas pressure and magnetic
forces being negligible. Note that near the disk surface, the
vertical radiation force slightly exceeds gravity, enabling the
launch of a radiation-driven outflow.

The four-forces plotted in the last row originate from the
geodesic equation, where they appear as source terms. These
forces are obtained by projecting the stress-energy equation
onto the space-like directions orthogonal to the local four-
velocity (Moller & Sadowski 2015; White et al. 2020; Ut-
sumi et al. 2022). The detailed derivation is provided in Ap-
pendix D. Here, we summarize the geodesic equation along
with the corresponding force components:

du®

dT = fframe + g(;)ém + pmmg + ftnng + rmd ) (6)

where ff?ame is the frame force arising from the spacetime
geometry, fg,s is the gas pressure force, f5,,, is the mag-
netic pressure force, f},,, is the magnetic tension force, and
£ is the radiation force. These forces are defined as:

ff?:ame = _quuuuy ) (72)
a 1 av
gas 767) vupg s (7b)
a 1 av
pmag — 767) vqu 3 (7C)
el 1 av
ftmag = E,P V,ububl/ 9 (7d)
1
md = — PG, . (Te)
w

Here, Fﬁ” denotes the connection coefficients, and P =
g™ +u“u” is the space-like projection tensor. Since this de-
composition is directly derived from the stress-energy equa-
tion solved in the simulations, it provides valuable insight
into how different physical processes drive fluid motion.
Moreover, these definitions reduce to their Newtonian coun-
terparts in the classical limit, ensuring consistency with fa-
miliar physical intuition.

When the system reaches force balance, the four-
acceleration becomes negligible, allowing each force com-
ponent to be evaluated in terms of its contribution to main-
taining the disk structure. However, in our force analysis, the
evaluation of time derivatives is limited by the coarser time
intervals of the full 3D data dumps, which are constrained
by I/O limitations. To overcome this, we utilize 2D sliced
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simulation data at x = 0, which provides a finer time reso-
lution of approximately 0.5 ms (1074 /c) for computing the
time derivatives required in the four-force calculations, as
well as shorter intervals for time averaging. This approach,
however, restricts the analysis to azimuthal averages within
the 2D plane defined by x = 0, divided into the regions y > 0
andy < 0.

3.5. Angular momentum transport

The accretion process is driven by the outward transport
of angular momentum. In this section, we first partition
the angular momentum flux to identify the dominant trans-
port mechanisms. We then compute the effective viscosity
in a co-rotating frame to cross-check its consistency with
the flux analysis. Finally, we summarize and compare the
results across different models to provide a comprehensive
overview.

3.5.1. Angular momentum flux

To identify the primary mechanism facilitating accretion,
we first decompose the total angular momentum flux as
( 7'(;5 + R’L(z,) = (TRey)z¢ + (TMax)Z¢ + (Rdiff)l¢ ) (8)

where the Reynolds (TRey), Maxwell (Thax), and radiation
diffusion (Rg4;f) components are defined as follows:

(TRey)i¢ = WeiskU' gy (9a)

(Tatax)'y = =Dy (9b)
i i 4=

(Rdiﬂ‘) & =R 6 gEru Ug - (90)

The Reynold stress is weighted by the total enthalpy, includ-
ing radiation, since gas and radiation are well coupled within
the disk region. Accordingly, the radiation advection term
is subtracted from the total radiation stress, isolating the re-
maining term that primarily represents radiation diffusion.
To separate mean and turbulent contributions, we further
partition the Reynolds and Maxwell stresses as follows:

(waisku’) , (waisktio)

TR o= oy, (1
(Tﬁ‘éryb) = (Trey)', — (TRS™)', . (10b)
(i)' = = (V') (bo)y » (10c)
(TH2)', = (Taa)’y — (RS, . (10d)

where T ™" represents the mean-flow Reynolds stress, and
the turbulent component Tﬁ‘éryb is defined as the residual be-
yond the mean flow, i.e., the difference between the total and
mean-flow Reynolds stresses. Similarly, 733" denotes the
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Figure 8. 2D angular momentum flux components of model E88-a3, averaged temporally and azimuthally. The first and second rows show the
radial and polar components, respectively, of the mean-field Maxwell stress, turbulent Maxwell stress, turbulent Reynolds stress, and radiation
diffusion stress. Auxiliary lines mark the scattering photosphere (black solid), disk surface (cyan), and effective photosphere (dotted). Detailed

definitions of each component are provided in Section 3.5.

mean-field Maxwell stress, while TP captures the turbu-
lent field component. Note that we define the mean flow and
mean field using azimuthal averages, which treat all non-
axisymmetric components as turbulent. Given the axisym-
metric nature of the disk and the alignment between the disk
rotation and the black hole spin, this assumption is reason-
able, provided the time average is sufficiently long. In our
analysis, we apply a time average of 100007, /¢, correspond-
ing to approximately 200 and 25 orbital periods at 4r, and
1674, respectively.

In Figure 8, we use model E88-a3 as an example to show
the time- and azimuthally averaged 2D profiles of angular
momentum transport, decomposed into flux components in
both the radial and polar directions. Auxiliary lines mark
the scattering photosphere (black solid lines), disk region
(cyan lines), and effective photosphere (dotted lines). Since
the mean flow tracks the accretion process, the mean-flow
Reynolds stress consistently transports angular momentum
inward. Therefore, we focus on the turbulent Reynolds com-

ponent, Maxwell stress, and radiation contribution, which are
responsible for outward angular momentum transport.

As shown in the first row of Figure 8, outward angular
momentum transport is dominated by the Maxwell stress:
the mean-field component is strongest near the disk surface,
while the turbulent component dominates within the main
disk body. The turbulent Reynolds stress is subdominant, and
radiation diffusion has negligible impact. The second row
shows vertical angular momentum transport, where turbu-
lence and radiation diffusion carry angular momentum away
from the midplane, thereby facilitating accretion within the
disk body.

3.5.2. Effective viscosity

Similar to the angular momentum flux, we compute the ef-
fective viscosity to evaluate local angular momentum trans-
port and relate it to the classical a-prescription. While both
diagnostics characterize angular momentum transfer, they
differ in a subtle way: the flux analysis uses conservative



quantities in the coordinate frame, whereas effective viscos-
ity is defined in a co-rotating frame. Below, we present the
formulation and demonstrate through a consistency check
that both approaches yield nearly identical results with neg-
ligible differences.

To compute the effective viscosity in the general relativis-
tic framework, we boost into the co-rotating tetrad frame,
where the mean flow is defined by azimuthal averages as in
Section 3.5.1. This approach follows Krolik et al. (2005) (see
also Penna et al. 2013; White et al. 2019) and is summarized
in Appendix C. The expressions for the different viscosity
components are given below:

i ®
i WdiskU U
aRey=<;wt> : (11a)
¢
_ _pipd
aib\/lax< Iz > , (11b)
tot é
. R 4Eru;u¢;
b= 11
it <Pt0t 3Pt0t > ’ ( C)

where the tilde denotes quantities measured in the co-rotating
tetrad frame, and Py = Py + b"b, /2 + E, /3 is the total
pressure. Similar to the angular momentum flux, we further
decompose the Reynolds component to isolate the turbulent
contribution:

(el
@

QRe ,mean
v (Waisk) 4 Prot

% i i
aRey,turb - aRey - aRey,mean . (12b)

An alternative estimate of the effective viscosity is to
rescale the coordinate-frame angular momentum flux by the
total pressure:

1Ty
B N Pt ’

TO
al = |22 (13b)
9o Prot

where the wide hat denotes the effective viscosity estimated

by this approximation. Across all simulations, this estimate
in the main disk body closely matches the viscosity measured
in the co-rotating tetrad frame. For example, Figure 25 in
Appendix C presents a side-by-side comparison for model
E88-a3, demonstrating the consistency between the two ap-
proaches. The last two columns of Table 1 presents power-
law fits to the Maxwell and turbulent Reynolds components
of the pressure-scaled radial angular momentum flux for all
models. Interestingly, both high-spin radiative models ex-
hibit an approximately constant value of o ~ 0.04.

T

(13a)
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3.5.3. Comparison across simulations

Figure 9 shows the radial profiles of angular velocity, angu-
lar momentum flux, and effective viscosity for three selected
models. In the first row, angular velocity is normalized by
the Keplerian speed, defined as:

3 —1
QK:<\/;4+CL> . (14)

Disk-averaged and midplane angular velocities are shown as
solid and dashed lines, respectively. The disk-averaged an-
gular velocity is computed as
¢
wu .
< >dlsk . (15)

Q(disk) _
(wu') gisi

Most of the disk remains close to Keplerian rotation, while
the inner region becomes increasingly sub-Keplerian. The
midplane exhibits a more sub-Keplerian profile than the disk
average, indicating that accretion predominantly proceeds
through inflow near the midplane.

The second row shows the stress components responsi-
ble for outward angular momentum transport, with dashed
lines representing the corresponding low-resolution results,
where applicable. All quantities are computed as disk av-
erages from time- and azimuthally averaged data. In the
super-Eddington regime, Maxwell stress (blue) dominates,
confirming that accretion remains primarily MRI-driven in
radiation-dominated disks. Turbulent Reynolds stress (gray)
contributes subdominantly to outward angular momentum
transport, while radiation enthalpy accounts for up to 10%
through advection. In contrast, radiation diffusion (red) has
a negligible effect in all cases. The agreement in Maxwell
stress between intermediate- and low-resolution runs sug-
gests a degree of numerical convergence, as further discussed
in Section 4.2.

The last row presents the radial profiles of effective vis-
cosity measured in the co-rotating tetrad frame, computed
as disk averages from time- and azimuthally averaged data.
The results align with the angular momentum flux analysis:
Maxwell stress dominates, turbulent Reynolds stress is sub-
dominant, and radiation diffusion has a negligible impact on
outward angular momentum transport. Both the Maxwell and
turbulent Reynolds components follow power-law trends, al-
though the latter declines sharply in the plunging region,
likely due to geodesic stretching of the turbulent flow near
ISCO (Mummery et al. 2024; Rule et al. 2025). For each
model, the best-fit « value is selected from the range applied
in the slim disk model to reproduce the temperature profile,
as indicated by the green shading in Figure 6, and is shown
as a horizontal green dashed line. This value agrees well with
the numerical result in model E31-a3-DL, but appears moder-
ately underestimated in models E88-a3 and E9-a3. However,
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Figure 9. 1D profiles of angular velocity, radial angular momentum flux, and radial effective viscosity for selected models. In the first row,

angular velocity is normalized by the Keplerian speed and shown as disk-averaged (solid) and midplane (dashed) profiles. The second and third
rows show angular momentum flux and effective viscosity, respectively, averaged over the disk body. Each includes stress components from
turbulent Reynolds (gray), total Maxwell (blue), and radiation diffusion (red). In the second row, dashed lines represent measurements from the
corresponding low-resolution models. In the third row, horizontal green dashed lines denote the best-fit « values inferred from the slim disk

model. Details on these measurements are provided in Section 3.5.

since the disk profile can be highly sensitive to the choice of
a, such discrepancies are likely to lead to significant devia-
tions from the outcomes of our numerical models.

3.6. Outflows and Jet
3.6.1. Wind properties

The radiation-driven outflow originates near the inner disk
surface and can propagate to large radii. High-altitude com-
ponents escape as unbound winds, gradually cooling via ra-
diation, while low-altitude components near the disk surface
(failed wind) decelerate due to gravity and magnetic drag be-
fore eventually rejoining the accretion flow. The origin of the
wind is evident from: (1) the force balance analysis (last row
of Figure 7), where the radiation force exceeds gravity near
the disk surface, and (2) the velocity streamlines (upper left

panel of Figure 5 or Figure 4 in Paper I), which show that the
wind is primarily launched from the inner disk, as revealed
by backward tracing of the fluid trajectories.

In the super-Eddington regime, the radiation-driven wind
can become optically thick. As shown in Figure 5, the wind
region lies between the orange solid and gray dashed lines.
The scattering photosphere, marked by the gray solid line,
separates the optically thick wind below from the optically
thin wind above. In model E88-a3, the wind is predominantly
opaque, whereas in E9-a3, it comprises both optically thick
and thin components.

Figure 10 presents wind-averaged 1D profiles of the time
component of the four-velocity and the gas temperature.
Solid and dashed lines represent measurements in the opti-
cally thick and thin parts of the wind, respectively. These
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Figure 10. 1D profiles of wind speed (upper) and temperature
(lower), averaged over the optically thick and thin wind regions us-
ing temporally and azimuthally averaged data. Solid lines represent
measurements in the optically thick wind, while dashed lines corre-
spond to the optically thin wind. For model E150-a9 and E88-a3,
the wind is predominantly optically thick, so measurements for the
optically thin component are omitted.

quantities are computed from temporally and azimuthally av-
eraged data as follows:

(wu')

ul gy = ———ind (16a)
( ) <w>wind
T;wind) _ Hmp <Pg>wind , (16b)
kB <p>wind

where the subscript ‘wind’ refers to either the optically thin
or thick portion of the wind. In both panels of Figure 10,
we only plot the optically thin components for models in
the moderately super-Eddington regime (i.e., E9-a3, E15-a9,
and E31-a3-DL), as the wind regions in the highly super-
Eddington regime (i.e., E150-a9 and E88-a3) are nearly en-
tirely optically thick.

In the upper panel of Figure 10, the wind in the super-
Eddington regime is mildly relativistic, with velocities ex-
ceeding 15% of the speed of light. The wind speed gradually
decreases as with radius it propagates outward. In the lower
panel, the gas temperature also declines with increasing ra-
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Figure 11. 1D profiles of jet speed and magnetization, averaged
over different jet regions using time- and azimuthally averaged data.
Each model is shown in a different color. Upper panel: Time com-
ponent of jet four-velocity. The strong jet is averaged separately
over the jet sheath (solid) and jet spine (dashed), while the weak jet
is averaged over the entire jet region (dot-dashed). Lower panel:
Magnetization averaged over the full jet region (dot-dashed), with
the unity value indicated by a dotted line.

dius. Within the optically thick wind, the temperature fol-
lows a power-law decline and remains comparable to the disk
temperature, whereas the optically thin component is gener-
ally hotter, indicating the presence of a hot corona.

3.6.2. Jet properties

Similar to the wind analysis, we divide the relativistic jet,
characterized by an opening angle 6je, into two regions: the
jet spine and the jet sheath. The jet spine, which focuses
on the central region, is defined within an opening angle
of min(6je, 74/r), while the jet sheath encompasses the re-
maining outer portion.

Figure 11 shows 1D profiles of jet speed and magneti-
zation, averaged over the northern and southern jets. The
jet speed is represented by the time component of the four-
velocity ufjct), computed similarly to ufwin 1) but integrated
over the jet spine (dashed lines) and sheath (solid lines).
The fluid magnetization, defined as the ratio of magnetic
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to rest-mass energy, is averaged over the entire jet region
(dot-dashed lines). For model E31-a3-DL, initialized with
a double-loop magnetic configuration, only a weak jet de-
velops; thus, we do not separate jet components and instead
integrate over the entire jet region.

All single-loop models produce strong jets launched near
the horizon that accelerate to relativistic speeds, remaining
well below the numerical ceiling (1/—1/¢%u? < 20). As
shown in the upper panel of Figure 11, the jet spine reaches
peak velocity around 257, and then remains nearly constant.
The jet sheath, though generally slower, begins accelerating
beyond ~ 100r,, where the jet loses strong magnetic con-
finement and transitions into a freely streaming state. This
transition is evident in the lower panel, where the fluid mag-
netization declines with radius following a power law and
drops below unity around 1007,. In contrast, the double-
loop model E31-a3-DL produces only a weak jet with sig-
nificantly lower speed. Further details are provided in Sec-
tion 3.6.4.

The gas temperature at the jet base above the photosphere
can reach ~ 103 K for a strong jet and ~ 108 K for a weak
jet. However, these funnel-region measurements should be
interpreted qualitatively for physical insight rather than pre-
cise quantification, due to: (1) the density approaching the
floor value and (2) incomplete thermal physics. The Comp-
ton approximation (i.e., the last term in equation 4a of Pa-
per 1) breaks down in the funnel region where the radiation
field becomes highly anisotropic, and pair creation is not in-
cluded in the current models. In future work, we plan to in-
corporate a more accurate treatment of Compton scattering
using multi-frequency groups, along pair production.

3.6.3. Strong jet

We apply a four-force analysis (see Appendix D for de-
tails) to understand the formation of strong jets in single-
loop models. As an example, Figure 12 presents results from
model E150-a9, which produces the highest jet power, il-
lustrating the mechanisms responsible for jet propulsion and
collimation.

The upper panel shows the radial forces averaged over the
jet region. The frame (gray) and gas pressure (orange) forces
have negligible influence on the jet dynamics. Instead, the
jet is primarily driven by magnetic (blue) and radiation (red)
forces. The radiation force is consistently negative and acts
as a drag, whereas the magnetic pressure force (blue dashed)
is always positive and provides continuous outward acceler-
ation. The magnetic tension force (blue solid) exhibits a dual
behavior: it accelerate the jet near the black hole but transi-
tions into a braking force at larger radii.

The total force (black) provides an overview of jet forma-
tion, tracing its launch near the black hole to larger radii
where it transitions into a freely streaming state. The jet is
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Figure 12. 1D profiles of jet four-forces for model E150-a9,
which features the strongest jet, based on time- and azimuthally av-
eraged data. The four-forces are defined by equation (7), including
the frame force (gray dashed), gas pressure force (orange solid),
magnetic pressure force (blue dashed), magnetic tension force (blue
solid), and radiation force (red). The total force is shown as a black
solid line. The upper panel presents the radial forces averaged over
the jet. The middle and lower panels show the lateral forces near
and far from the jet launching region, measured at radii of 8ry and
1287, respectively. The jet region is highlighted in yellow.



launched within a compact region (< 10r), primarily driven
by magnetic tension. As it propagates outward, the magnetic
field becomes ‘overstretched’, turning the tension force neg-
ative and exerting a drag on the flow. At this stage, mag-
netic pressure takes over, continuing to accelerate the jet.
Beyond ~ 25r,, magnetic tension force once again domi-
nates, gradually braking the flow. Meanwhile, radiation con-
sistently exerts a drag, which becomes increasingly impor-
tant at larger radii. Eventually, the total force diminishes,
and the jet transitions into free streaming. This trend is con-
sistent with the 1D velocity profiles in Figure 11, where the
jet spine reaches peak velocity near 25r,, then decelerates,
and ultimately streams freely.

The middle and lower panels of Figure 12 demonstrate
jet collimation through lateral forces, using the same color
and line styles as in the upper panel. The jet region is high-
lighted in yellow. In the middle panel, forces are measured
at 8r, within the jet launching region, showing that the jet is
magnetically dominated and primarily confined laterally by
magnetic tension. The lower panel presents force measure-
ments at 128r,, where the jet begins transitioning into the
free-streaming regime and loses its lateral confinement. At
this stage, gravity, radiation and magnetic pressure forces all
act to expand the jet opening angle. This behavior further
explains the velocity evolution in the jet sheath: as the jet en-
ters the free-streaming regime and loses lateral confinement
beyond ~ 1007, the high-velocity flow from the jet spine
expands laterally, merges into the jet sheath, and boosts its
overall velocity.

3.6.4. Weak jet

Unlike the strong, steady jets produced in all single-loop
models, the double-loop model E31-a3-DL forms a weak
and intermittent jet. The jet becomes more persistent only
after sufficient net vertical magnetic flux accumulates near
the black hole, as radiation-driven outflows stochastically ad-
vect magnetic fields and break the initial magnetic symmetry.
Even then, the jet remains too weak to fully evacuate the fun-
nel region, resulting in jet properties that differ significantly
from those of strong MHD jets. In this weak jet, radiation
plays a more prominent role in driving the outflow at large
radii.

Figure 13 presents 1D profiles of velocity and forces, with
radius scaled linearly for clarity. As shown in the upper
panel, the jet gradually accelerates after experiencing a sharp
deceleration near 20r,, caused by the drag of magnetic ten-
sion, similar to that observed in strong MHD jets. The lower
panel shows the radial forces averaged over the weak jet.
The total force remains positive at large radii, with magnetic
forces dominating the acceleration up to ~ 3007, and radia-
tion taking over beyond that radius. Unlike strong MHD jets,
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Figure 13. 1D radial profiles of jet speed and four-forces for

model E31-a3-DL, which features a weak jet, based on time- and
azimuthally averaged data. Both quantities are averaged over the
entire jet region, with the four-forces defined by equation (7) and
each component labeled in the legend.

this weak jet is powered by a combination of magnetic fields
and radiation.

3.7. Energetics

In this section, we analyze the energetics of the accretion
system by separately examining the disk, wind, and jet re-
gions, as well as the radiation luminosity emerging from the
photosphere. We then summarize the energetics of all super-
Eddington models in a table.

3.7.1. Energy transport

In the super-Eddington regime, all simulations reach a
steady state with broadly similar energetics. As an exam-
ple, Figure 14 presents the energy analysis of model E88-a3,
based on time and azimuthal averages. The top row shows
the individual energy components within each region of the
system, while the bottom panels delve into the detailed heat-
ing and cooling mechanisms. The energy transport decom-
positions in each region, along with their corresponding def-
initions, are provided in Appendix E.

In the disk region (upper-left panel), the accretion pro-

cess (E.;(Lgfk), black) provides the only energy input, while
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Figure 14. Energetic analysis of E88-a3 based on time-averaged simulation data. The top row present the energy partitioning of heating and
cooling processes across different regions. The bottom row further breaks down the heating contributions within the disk, analyzes the cooling
contributions in the wind region, and evaluates the reliability of the kinetic jet power.

magnetic convection (E&i;ik), blue) carries away about 0.1%

of the accretion power. Based on the decomposition of
the accretion power (lower-left panel), fluid rest-mass in-
ward adv_ection (E'r(fézls(), black) dominates, radiation advec-
tion (E"IE:(;Sk), red) contributes up to 10%, and the remaining
E(disk)

components (i.e., gas thermal energy Fogas =~ and magnetic

advection Eégf;?) are insignificant (< 1%).

In the wind region (upper-middle panel), the Poynting flux
(E&ﬁig d), blue) dominates cooling in the inner region but de-
creases with radius, while radiative cooling (Ef;vdind), red)
and kinetic outflow (El((‘i’;ind), black dashed) become increas-
ingly important at larger radii. The black solid line, which
accounts for both rest-mass and gravitational binding energy,
primarily reflects the mass loss. The lower-middle panel pro-
vides a detailed breakdown of magnetic and radiative cool-
ing. Near the black hole, magnetized fluid and trapped ra-
diation are primarily advected inward by the accretion pro-
cess. Nonetheless, magnetic convection (Eﬁ::d), blue solid)
remains the dominant cooling mechanism over magnetic
advection (Eéﬁggl ), blue dashed), resulting in an outward
Poynting flux. At larger radii, radiation-driven outflows de-
velop, and outward advection becomes the major cooling
mechanism, mostly through radiation advection (E (Wind), or-

erad
ange dashed).

In the jet region (upper-right panel), the Poynting flux
(Er(ﬂ‘;tg), blue) dominates the energy outflow at small radii but
gradually declines, while the radiative cooling (Er(izt), red)
and gas outflow (black and gray) become increasingly sig-
nificant. Radiative cooling stabilizes beyond approximately
1074, and gas outflow continues to increase at larger radii,
where the funnel region is evacuated and approaches the den-
sity floor. The energy carried by the gas outflow is primar-
ily in the form of kinetic energy (E'l((jiit), black dashed), with
smaller contributions from gas internal energy (Eé]g(;ts) , gray)
and rest-mass energy (Eé{i?s). In the lower-right panel, we
quantify the density floor contribution to the kinetic outflow

as a function of radius, defined as:
B = [ (mone o+ =) Vo061
jet

where pg, denotes the numerical density floor. Although the
jet power may be overestimated when the funnel density ap-
proaches this floor value, the fraction of jet power attributed
to the density floor offers a useful metric for quantifying the
reliability of the jet power estimate. We therefore define the
density-floor contribution to the kinetic energy outflow, ex-
pressed as a percentage as

eqor) = By ) BIY (18)
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Figure 15. Time-averaged radiation luminosity above the scatter-
ing photosphere for models E88-a3 and E31-a3-DL. The luminosity
is integrated cylindrically (blue) and spherically (red) for compari-
son. When applicable, low-resolution counterparts are overplotted
with dotted lines. In both models, most of the radiation is generated
within the region in inflow equilibrium.

3.7.2. Radiation luminosity

We evaluate the radiation luminosity using both cylindrical
and spherical surface integrations above the scattering photo-
sphere, defined as:

Loy =— / (R%ds + R%dz), sd¢ , (19a)
ph

Lspn = —/ (R"), V/—gdbde , (19b)
ph

where s = /22 + y? is the cylindrical radius. The cylinder
height at each radius is set by the local height of the scattering
photosphere. For radii beyond the location where the photo-
sphere reaches its maximum height, this maximum value is
adopted as the cylinder height.

Figure 15 presents the radiation luminosities for models
E88-a3 and E31-a3-DL, computed using spherical (red) and
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cylindrical (blue) integrations. When applicable, their lower-
resolution counterparts are shown as dotted lines for compar-
ison. The luminosity is normalized by the Eddington lumi-
nosity, defined as Lgqq = 47GMpuc/kr.

Since radiation escapes the accretion system primarily in
the vertical direction (see coordinate-frame radiation flux
streamlines in Figure 5 or Figure 6 of Paper I), the cylin-
drically integrated luminosity more accurately captures the
intrinsic radiation output. Spherical integration introduces a
projection effect that reduces the measured luminosity. How-
ever, this discrepancy diminishes at larger radii, where both
integration methods converge to similar values. In all mod-
els, more than 50% of the radiation is produced within 507,
indicating that the majority of the output luminosity origi-
nates from the steady-state accretion flow.

3.7.3. Comparison across simulations

Table 2 provides a detailed summary of the cooling pro-
cesses due to radiation, wind, and jet, with measurements
taken at 507, to capture the steady-state accretion flow. Note
we wind efficiency is also evaluated at 2007, where it gen-
erally stabilizes beyond this radius.

The radiative cooling efficiency is defined as

2D = Lo/ (Mc?) (20)

where the cylindrically integrated luminosity is adopted, as it
more accurately captures the radiation that vertically escapes
from the funnel region at smaller radii.

The cooling efficiencies in the wind and jet zones are de-
fined by excluding radiative contributions and considering
only the outflow of gas thermal energy, kinetic energy, and
magnetic energy, as follows:

oy _ RO 4 B 4
M2

where we further define the kinetic and magnetic cooling
fractions in the wind and jet zones as

n . ey

on E(‘zone)
El(di = *(zone) 'l((;znc) (zone) ’ (22a)
egas + Ekin + Emag
E‘(zone)
(zone) __ mag
€mag | = . - , (22b)
e R 4 plrone) 4 flzone)

As shown in Table 2, super-Eddington accretion systems
generally exhibit low radiation efficiency, which further de-
creases with increasing accretion rate, primarily due to the
reduced angular size of the funnel region. Radiation-driven
winds contribute even less to cooling, with their outflows pre-
dominantly carried in the form of kinetic and magnetic en-

ergy.



20

Table 2. Comparison of cooling efficiencies and contributions from different cooling mechanisms

rad wind je wind wind wind je je je
Name 77é0 ) Wéo ) 7];]0 R néoo ) l(<in,50) 6§nag,5)0 1(<Jint,)50 filla;),SO goz)r,so

(%) (%) (%) (%) (%) (%) (%) (%) (%)

ey (©)) 3) “ &) (6) @) ®) ©)) (10)
E150-a9 0.54 0.21 2.59 0.32 33 67 50 32 78
E88-a3 0.63 0.18 1.48 0.25 28 72 53 10 80
E31-a3-DL  0.60 0.04 0.01 0.23 21 79 42 57 0.4
E15-a9 1.95 0.33 3.15 0.59 49 51 54 28 82
E9-a3 2.44 0.20 1.44 0.43 54 46 58 7 82

NOTE— The subscript indicates the radius at which the measurement is taken. Columns (from left to
right): (1) Model name; (2) Radiation efficiency; (3) Wind efficiency; (4) Jet efficiency; (5) Wind
efficiency measured at a larger radius (where the wind power stabilizes); (6) Kinetic contribution to
wind cooling; (7) Magnetic contribution to wind cooling; (8) Kinetic contribution to jet cooling; (9)
Magnetic contribution to jet cooling; (10) Fraction of jet kinetic energy attributed to the density floor.

The jet can significantly cool the system, with its power
dominated by Poynting flux at small radii and by kinetic en-
ergy outflow at larger radii. In the absence of sufficient net
vertical magnetic flux (as in the double-loop model), the jet
remains weak and produces negligible energy output. When
a strong jet forms (as in the single-loop model), it can dom-
inate the cooling process, with higher black hole spin sig-
nificantly enhancing the jet power. In such cases, the jet
power can exceed or at least become comparable to the ra-
diation luminosity. However, the kinetic component of the
jet power may be overestimated in the simulations when the
funnel density approaches the numerical floor value.

3.8. Plunging region

In this section, we examine the fluid properties of the
plunging region using azimuthal averages. Within this re-
gion, spiral arms form near the midplane and extend outward.
Inspired by Mummery & Stone (2024), we also analyze the
physical properties of a selected spiral arm. Since the dynam-
ical behavior is qualitatively similar across all simulations,
we use model E88-a3 for demonstration due to its relatively
large plunging region associated with low black hole spin.

We begin by examining the azimuthally averaged pro-
files at the midplane (z = 0) from the last snapshot (¢ =
600007, /c). The solid lines in the upper panel of Figure 16
show the azimuthally averaged gas and radiation tempera-
tures, which are calculated as:

(Py)
T(¢) — HMp " 97¢ 23
g kB <P>¢ ’ ( a)
T = <<a>¢’> ) (23b)

The gas and radiation are nearly in thermal equilibrium, with
the gas temperature slightly exceeding the radiation temper-
ature. Both temperatures increase toward the event horizon.

The middle panel shows the azimuthally averaged angu-
lar velocity, normalized by the Keplerian value. The solid
line represents this angular velocity, computed using the
enthalpy-weighted four-velocity as

b
wu
), t>> a (24)

Q@) —

(wut)

The angular velocity decreases gradually from near-

Keplerian at the ISCO to sub-Keplerian as the radius ap-
proaches the event horizon.

The lower panel of Figure 16 shows the azimuthally aver-
aged outward angular momentum transport at the midplane.
Solid and dashed lines represent the radial and poloidal flux
components, respectively. All fluxes are normalized to the
same unit using the diagonal metric components. Differ-
ent contributions to the angular momentum flux are color-
coded as indicated in the legend, with definitions provided
in Section 3.5.1. In the plunging region, angular momentum
is primarily extracted by the radial Maxwell stress, which
becomes increasingly dominant as the flow approaches the
event horizon. This behavior aligns with the decrease in an-
gular velocity shown in the middle panel.

We select a spiral arm for detailed analysis, as indicated
by the gray dashed box in the left column of Figure 17. The
plunging region is within the gray dashed circle. The density
maximum and minimum along this spiral arm are traced by
the dashed and dot-dashed lines, respectively, in the right col-
umn of Figure 17. Along this structure, we track its gas and
radiation temperatures, as well as the normalized angular ve-
locity, shown by the dashed lines in upper and middle panels
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Figure 16.  Selected fluid properties in the plunging region for
model E88-a3 at the midplane (z = 0) in the final snapshot (¢ =
600007, /c). Upper panel: Gas (black) and radiation (red) temper-
atures, measured in azimuthal average (solid lines) and along a spi-
ral arm (dashed lines). Middle panel: Angular velocity normalized
by the Keplerian speed, measured in azimuthal average (solid lines)
and along a spiral arm (dashed lines). Lower panel: Contributions
to the outward angular momentum flux from various components,
indicated by different colors (see equation 10 for detailed defini-
tions). Radial fluxes are shown as solid lines and poloidal fluxes as
dashed lines, all normalized to a consistent unit for comparison.

of Figure 16. Both temperatures are higher and the angular
velocity is lower compared to the azimuthal averages, indi-
cating compression along the spiral arm. This compression
arises from velocity differences, suggesting that the spiral
wave is phase-related and analogous to a density wave, un-
like the characteristic curves proposed in Mummery & Stone
(2024). In the third row of Figure 17, the density maximum
(minimum) of the spiral arm aligns with the minimum (max-
imum) in velocity divergence, corresponding to a 90-degree
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Figure 17. 2D profiles of density, angular velocity, velocity di-
vergence, azimuthal velocity derivative, and divergence of angular
momentum flux for model E88-a3 at the midplane (z = 0) from
the final snapshot (¢ = 60000ry/c). The left panels show the en-
tire plunging region, outlined by gray dashed circles, with a selected
spiral arm highlighted by a gray dashed box. The right panels pro-
vide a zoomed-in view of this spiral arm. Dashed and dot-dashed
lines in the right panels trace the density maximum and minimum
along the spiral arm, respectively. These auxiliary lines are shown
in different colors across panels solely for visual clarity.
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phase shift. The negative velocity divergence (dominated by
the radial component) indicates that the outer edge of the spi-
ral arm drifts inward faster than the inner edge, leading to
fluid compression within the arm.

By examining the azimuthal gradient of u in the forth row
of Figure 17, we find that the negative gradient indicates a
decrease in angular velocity as the fluid passes through the
spiral arm. This suggests that fluid parcels are losing an-
gular momentum and consequently drifting inward. In the
bottom panel, we compute the divergence of the total angu-
lar momentum flux. The total flux is negative due to the in-
ward accretion flow, and the negative divergence implies that
less angular momentum carried by the accretion flow is be-
ing transported inward. This indicates that angular momen-
tum is being extracted within the spiral arm, primarily by the
Maxwell stress as indicted in the last panel of Figure 16.

4. DISCUSSION
4.1. Quality check

We conduct a quality check on our simulations by comput-
ing several diagnostic factors to evaluate how well the MRI
and thermal scale height are resolved. Following Porth et al.
(2019), we define the MRI quality factors in the vertical and
azimuthal directions as:

. 2w b+ B
R P N @
21 grp(b" + B7bY) + ggb?
QK AL /GpopW

where ¢ = —g'/g" is the shift vector in the stan-
dard 3+1 formalism. The quantity Az denotes the vertical
cell size, and the azimuthal resolution is given by Al =
VAx? + Ay?, with Az and Ay representing the cell sizes in
the x and y directions, respectively. We also define a thermal
quality factor in a similar manner:

2mcey

cherm = QKAZ )

(26)

where the thermal sound speed of the gas-radiation coupled
fluid is computed following Tao & Blaes (2011) as:

¢ = \rak(Py + o /3) [, 27a)
16E2 4 60Py B, + 9vP2 /(v — 1)

9[Py/(y — 1)+ 4E,] (Py + B,/3) (27b)

Ydisk =

Among all our super-Eddington models, using the highest-
resolution runs when available, we evaluate the quality met-
rics within the disk region that has reached inflow equi-
librium. The disk-averaged MRI quality factors range
from approximately 10 to 40 in the vertical direction for
(Q31R1) 4io @nd from 60 to 120 in the azimuthal direction for

<Q&RI> qisk Doth satisfying the criteria provided by Hawley
etal. (2011, 2013). The disk-averaged thermal quality factor
(Qtherm ) 4, falls in the range of 30 to 60, confirming that
the thermal scale height is well resolved.

Table 3 lists the disk-averaged quality factors measured at
107, for all models. Values in parentheses indicate the cor-
responding measurements from lower-resolution runs, where
applicable.

4.2. Resolution effect

We perform a resolution study to evaluate the convergence
of disk properties across different resolutions for all single-
loop models. Key measurements at both resolutions are pre-
sented earlier, including mass accretion rate (Figure 2 and
Figure 4), magnetic flux (Figure 2), stresses related to angu-
lar momentum transport (Figure 9), and radiation luminos-
ity (Figure 15). These quantities are generally consistent at
both resolutions, with some deviations primarily arising from
subtle differences in the accretion process. In general, higher
resolution yields a slightly higher accretion rate, which cor-
respondingly reduces the mass-weighted magnetic flux and
enhances the radiation luminosity.

In Table 3, we report the disk-averaged ratios of accretion
rate, turbulent Reynolds stress, and Maxwell stress between
the intermediate- and low-resolution runs at 10r,, where the
cell size differs by approximately a factor of 2 in each di-
mension. The overall trends in accretion rate across different
resolutions broadly follow changes in the stresses responsible
for outward angular momentum transport.

The accretion process is primarily driven by Maxwell
stress, which accounts for approximately 60-90% of the out-
ward angular momentum transport, as illustrated in Figure 9.
The Maxwell stresses remain largely consistent across both
resolutions, with only slight variations — either higher or
lower depending on the specific model. This consistency en-
sures that accretion rates remain at similar levels and demon-
strates convergence in resolving MRI, as already indicated by
the high quality factors.

The turbulent Reynolds stress, while subdominant, con-
tributes around 10-40% of the total outward angular mo-
mentum transport. Its ratios between intermediate- and low-
resolution runs exhibit more noticeable differences, indicat-
ing an additional contribution to the accretion process at
higher resolution across all models. This suggests that de-
viations in accretion rates might originate from differences
in how effectively turbulence is resolved.

Since the super-Eddington accreting system is radiation
dominated, the turbulence length scale is set by the radiation
viscosity, which is extremely small and nearly impossible to
fully resolve in global simulations. Fortunately, the accretion



Table 3. Simulation quality check
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(M) (T o) e (D) 5000 5. o .
Name L (LR) b \(LR) . \(LR) (QVRL10) g (QMRL10) gige  (Qtherm,10) g1y
<M10>t <(TRey ) ¢,10>disk <(TM&X) $,10/ disk
(1) 2) 3) 4) (5) (6) @
E150-a9 1.52 1.51 1.23 94 (52) 30(12) 60 (31)
E88-a3 1.18 1.24 0.98 116 (69) 30 (18) 60 (30)
E15-a9 1.52 1.58 1.27 101 (62) 31(16) 57 (29)
E9-a3 1.38 1.46 0.78 124 (99) 35(31) 49 (26)
E31-a3-DL - - - 67 14 32

NOTE— The subscript ‘10’ indicates measurements at 107,. Superscripts ‘(MR)’ and ‘(LR)’ denote intermediate- and low-resolution
models, respectively. Quality factors in parenthesis are measured from low-resolution models. Columns (from left to right): (1)
Model name; (2) Ratio of mass accretion rates (between intermediate- and low-resolution models); (3) Ratio of turbulent Reynolds
stress; (4) Ratio of Maxwell stress; (5) Azimuthal MRI quality factor; (6) Vertical MRI quality factor; (7) Thermal quality factor.
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Figure 18. Comparison between models using different angular resolutions in radiation intensity. From left to right, panels show side-by-side
comparisons of density, fluid-frame radiation energy density, and magnetization at ¢ = 30000r,/c, after steady states are achieved. In each
panel, the left half adopts angular grid level-2 (42 angles), while the right half uses level-3 (92 angles), showing that the differences between

the two models are nearly indistinguishable.

process is predominantly driven by Maxwell stress, which is
reasonably well resolved. As a result, the inability to fully
capture the small-scale turbulence has only a modest impact
on the overall quality of our simulations.

In addition to the spatial resolution study, we perform an
additional run for model E88-a3 with higher angular resolu-
tion in the radiation intensity. Specifically, we increase the
angular grid to level 3 (92 angles in total), and run the sim-
ulation to ¢ = 30000r,/c. This run begins with the same
initial condition and reaches a steady state with results that
are nearly indistinguishable, as demonstrated in Figure 18.

It is worth noting that the angular resolution required to
persevere the necessary anisotropy in the radiation field can
be significantly higher when the flow becomes highly rel-
ativistic (see equation 56 in White et al. 2023). However,
most of the disk and wind regions exhibit only moderate ve-
locities, while relativistic flows typically occur in optically
thin regions where gas and radiation are decoupled. In such
cases, radiation anisotropy has limited impact on the fluid
dynamics. This likely explains the close agreement between
the standard and higher angular resolution runs. Neverthe-
less, more definitive conclusions would require simulations
at substantially higher angular resolution.
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Figure 19. Side-by-side comparison of 2D density profiles be-
tween radiative (left half) and non-radiative (right half) models at
t = 300007y /c. For the radiative case, we use the low-resolution
model E88-a3-LR, which shares the same grid configuration as the
non-radiative model NoRad-a3. Although the overall disk morphol-
ogy is similar, the radiative model exhibits significantly larger den-
sity fluctuations due to enhanced compressibility.

4.3. Comparison with non-radiative runs

Unlike the geometrically thin disks in the sub- and near-
Eddington models presented in Paper I, the disk structures in
non-radiative runs are geometrically thick and closely resem-
ble those in the super-Eddington models, despite fundamen-
tally different dynamics. As shown in Figure 19, although the
overall disk morphology is similar, the accretion flow in the
radiative case appears significantly more inhomogeneous, as
turbulence produces larger density fluctuations due to the en-
hanced compressibility of the radiation-dominated medium,
consistent with previous findings (Turner et al. 2003; Jiang
et al. 2013).

In Figure 2, we compared the accretion rate and magnetic
flux between radiative and non-radiative models. For com-
parison, the accretion rates in non-radiative runs are scaled
by the corresponding density units of each radiative model.
Their evolution histories are broadly similar, though radiative
models generally show slightly higher mass accretion rates
and lower magnetic flux.

Figure 20 presents a side-by-side comparison of low-spin
models E88-a3 and NoRad-a3, focusing on radial (pressure
and angular momentum flux) and vertical (density and pres-
sure) profiles. In the radial profiles, solid lines represent
disk-averaged quantities, while dashed lines indicate mid-
plane values. In the vertical profiles, solid and dashed lines
correspond to measurements at 167, and 4r,, respectively,
with the disk regions highlighted in yellow and gray.
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Figure 20. Comparison of 1D profiles between radiative (left col-
umn) and non-radiative (right column) models. The first and sec-
ond rows show radial profiles of pressure and angular momentum
flux, respectively, measured as disk averages (solid) and at the mid-
plane (dashed). Pressure profiles include components from radia-
tion (red), magnetic (blue), and gas (black). Angular momentum
fluxes consist of Maxwell stress (blue), turbulent Reynolds stress
(gray), and radiation stress (red). The last two rows compare the ver-
tical profiles of density and pressure, using the same color scheme
as the radial pressure plots. Solid and dashed lines represent mea-
surements at 1674 and 4r4, respectively, with the disk regions high-
lighted in yellow and gray.

In both models, thermal pressure dominates over magnetic
pressure (blue) and supports the disk against gravity. In the
non-radiative model, the thermal pressure arises purely from
gas (black), whereas in the radiative case it is dominated by
radiation (red). Since super-Eddington flows are optically
thick in most regions, radiation remains well coupled to the
gas, and energy transport is dominated by advection (see Sec-
tion 3.3 of Paper I). As a result, radiation behaves like a
fluid, which effectively replaces the role of gas and results
in similar disk morphologies in both models. Near the pho-
tosphere where gas and radiation begin to decouple, the ra-



25

t=55000ry/c

600

500

200

100

1.0

0.5

0.0

logio(ut —1)

-2.0

-2.5

yirg

-3.0

Figure 21. Snapshots at ¢ = 550007, /c for two super-Eddington models: one with a strong jet (E88-a3, left) and one with a weak jet
(E31-a3-DL, right). The 2D profiles show flow speed, with the colormap indicating highly relativistic (purple), mildly relativistic (white), and
non-relativistic (brown) regions. The velocity field (cyan) is overlaid as streamlines, and gas temperatures are indicated by isothermal contours
at logarithmic values of 7.5 (red), 7.2 (yellow), 6.8 (green), and 6.5 (blue). Solid black lines denote the scattering photosphere. When the
strong jet evacuates the funnel region (left half), the inner disk becomes exposed and the scattering photosphere extends down to the horizon.
In contrast, the weak jet fails to clear the funnel (right half), allowing radiation-driven outflows to fill the region, resulting in the scattering

photosphere lying above ~ 1507,.

diative model shows a more extended corona driven by radi-
ation outflows compared to the non-radiative case, as shown
in Figure 19.

The accretion processes in both models are also simi-
lar, with Maxwell stress (blue) dominating and turbulent
Reynold stress (gray) playing a subdominant role. The mag-
netic pressure shows similar trends in both radial and verti-
cal profiles, with a slight dip near the midplane in the latter,
likely due to buoyancy effects.

4.4. Observational applications

The observational implications of our numerical models
across different regimes are discussed in detail in Paper I.
Here, we provide additional insight by focusing on the phys-
ical pictures of super-Eddington accretion systems to con-
strain the observational signatures one should expect.

The accretion disks in our super-Eddington models are
broadly similar: radiation-dominated and geometrically
thick, regardless of magnetic topology. The thermally ex-
panded flow forms a conical funnel that collimates energy
output in the form of radiation or jet outflows. However,
the jet strength can significantly influence the observational
properties of the system.

Figure 21 presents snapshots of two super-Eddington mod-
els: one with a strong jet (E88-a3, left) and one with a
weak jet (E31-a3-DL, right). The 2D profiles display flow
speed (colormap), overlaid with velocity streamlines (cyan)
and temperature contours (red, yellow, green, and blue, from
hot to cold). The scattering photosphere is marked by black
solid lines. The colormap is chosen such that purple indicates
highly relativistic speeds, white denotes mildly relativistic
flow, and brown corresponds to non-relativistic regions.

When a strong jet forms, it evacuates the funnel region,
facilitating both radiation escape and relativistic jet stream-
ing, along with a strong geometric beaming effect. The
cleared, optically thin funnel allows high-energy photons
from the inner disk to escape directly, as indicated by the
high-temperature region (red contours) just below the scat-
tering photosphere (black solid line) in the left half of Fig-
ure 21.

When the jet is weak, radiation-driven outflows can fill the
funnel region, suppressing jet propagation and dissipating jet
power prematurely. The resulting jet remains only mildly
relativistic, magnetically driven near the black hole and
radiation-driven at larger radii (for details see Section 3.6.4).
In this case, most high-energy photons are trapped by op-
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tically thick outflows, with only a tiny fraction expected to
escape.

Since jet properties are closely tied to the radiation out-
put, they can serve as useful constraints for interpreting ob-
servations. For example, super-Eddington accretion systems
with strong jets are expected to exhibit a more steady radia-
tion luminosity with low variability, while those with weak
jets show greater variability due to photon trapping and en-
hanced magnetic turbulence, as also illustrated in Figure 10
of Paper I.

In addition, as shown in Figure 11 of Paper I, ra-
diation beaming effects are present in both near- and
super-Eddington regimes. = When emission is assumed
isotropic, these effects can introduce observational degen-
eracies when the apparent luminosity exceeds the Eddington
limit. This complicates identification of the underlying ac-
cretion regime, as both cases can produce super-Eddington
flux despite having fundamentally different flow structures
(see Figure 3 of Paper I). However, our numerical models
offer a way to break this degeneracy by tracking changes in
spectral hardness with luminosity.

As illustrated in Figure 12 of Paper I, when the accretion
rate (or luminosity) decreases in the super-Eddington regime,
the emerging spectrum becomes softer. In contrast, as the
system transitions from super- to near-Eddington accretion
with further decrease in accretion rate, the spectrum gets
harder due to the development of magnetically supported en-
velops above the thermal disk (see Section 3.5 of Paper I).

These theoretical behaviors of super-Eddington (and near-
Eddington) accretion flows provide valuable insight into the
observational properties of systems, such as ultraluminous
X-ray sources (ULXs), little red dots (LRDs), tidal disruption
events (TDEs), and stellar-mass black hole binaries (BHBs).

For ULXs, a stable conical funnel structure cleared by
strong jets provides a plausible physical environment for
the high X-ray polarization observed in Cyg X-3 (Veledina
et al. 2024a,b). Moreover, the opposite trends in spectral
hardness between the near- and super-Eddington accretion
regimes may help explain the spectral pivoting observed in
many ULX systems (Kajava & Poutanen 2009). When the
system develops a weak jet, our model occupies a parame-
ter regime similar to that of SS 443 (Fabrika 2004), featuring
a mildly relativistic jet that is partially driven by radiation
pressure.

For LRDs, optically thick radiation-driven outflows can
significantly obscure the system, potentially resulting in X-
ray underdetection (e.g., Greene et al. 2024; Wang et al.
2024a) and an emergent spectrum with absorption features
(e.g., a Balmer break, Wang et al. 2024a,b), even though
the source remains bolometrically luminous due to super-
Eddington accretion. More detailed discussions of ULXs,
SS 433, and LRDs can be found in Paper L.

For transients sources, TDEs occur when a star passes
too close to a supermassive black hole and is torn apart by
tidal forces (Rees 1988). Roughly half of the stellar debris
remains gravitationally bound and accretes onto the black
hole at a super-Eddington rate during the early phase, with
or without the presence of strong jets (e.g., Burrows et al.
2011; Alexander et al. 2016). The geometry of the opti-
cally thick equatorial region (disk and wind) and the opti-
cally thin funnel region (jet) discussed above provides valu-
able insights into the relationship between X-ray and optical
emission among TDE populations (e.g., Roth et al. 2016;
Dai et al. 2018; Huang et al. 2024). BHBs are potential
sources of gravitational waves (Abadie et al. 2011; Abbott
et al. 2016), with some thought to form in AGN disks and
undergo super-Eddington accretion when observed as tran-
sient electromagnetic (EM) counterparts (Stone et al. 2017;
Rodriguez-Ramirez et al. 2025). Our super-Eddington mod-
els provide a physical framework for quantifying the prop-
erties of emergent radiation and radiation-driven outflows,
including their dependence on jet formation. In particular,
these results place useful constraints on the radiation and out-
flow efficiencies in both TDE and BHB models.

In future work, we plan to post-process our numerical
models to convert this parameter survey into observable
predictions, including spectral and polarization signatures,
which will enable more direct comparisons with observa-
tional data.

4.5. Comparison with the slim disk model

The slim disk model (Abramowicz et al. 1988; Be-
loborodov 1998; Sadowski 2009; Abramowicz & Fragile
2013) is widely used to model super-Eddington accretion
flows, as it incorporates radial energy advection that effec-
tively captures the “photon trapping” effect within optically
thick inflows near the black hole. As shown in Figure 9 of
Paper I, despite differences in normalization, the slim disk
model accurately reproduces the trend of radiation efficiency
as a function of accretion rate across our numerical super-
Eddington models.

The construction of the slim disk model relies on two key
assumptions: (1) the disk is geometrically thin, and (2) the
effective viscosity (i.e., the o parameter) is constant through-
out the disk.

The slim geometry implies a simple vertical structure,
allowing midplane profiles to be approximated by disk-
averaged (or vertically integrated) quantities. However, this
assumption does not always hold in the presence of substan-
tial outflows, as demonstrated by our numerical results (see
Figure 6 and Figure 9), where disk-averaged quantities can
be significantly modified by outflows near the disk surface.
Moreover, the effective viscosity (or the pressure-scaled ra-
dial angular momentum flux) in our numerical models is gen-



erally not constant. Instead, it follows a power-law with ra-
dius, as illustrated in the bottom row of Figure 9, where «
can vary by more than a factor of two across the inflow equi-
librium region.

When the outflow has limited impact, our numerical re-
sults show remarkable agreement with the slim disk solu-
tion, as seen in model E31-a3-DL. In this case, the disk-
averaged profiles closely follow the trends of the midplane
profiles (see the middle column of Figure 6), and the overall
« value measured in the numerical model is consistent with
the best-fit value inferred from the slim disk model (see the
lower-middle panel of Figure 9), despite the radial variation
in a.

When the outflow is significant, as in models E88-a3 and
E9-a3, clear discrepancies emerge between midplane and
disk-averaged profiles, with increasingly pronounced differ-
ences in density and thermal pressure at larger radii due to
outflow-driven advection (see the first and last columns in
Figure 6). The « values measured in the simulations are gen-
erally higher than the best-fit values inferred from the slim
disk model (see the lower-left and lower-right panels of Fig-
ure 6). Such differences can lead to substantial deviations
from our numerical results, as the disk profiles inferred from
the slim disk model can be highly sensitive to the choice of
«. In such cases, outflow-driven effects must be taken into
account, as explored by Poutanen et al. (2007).

4.6. Comparison with previous numerical results

As briefly discussed in Paper I, direct comparisons with
previous numerical models are challenging due to substan-
tial differences in initial disk configurations and radiation
transport treatments. A comparison with our previous non-
relativistic models (Jiang et al. 2014a, 2019b) using the full-
transport method is discussed in Paper 1. Here, we provide
a qualitative discussion of representative super-Eddington
models that employ the M1 closure method within a general
relativistic framework. In the near future, we plan to per-
form simulations using the M1 approximation with the same
initial conditions, which enables direct side-by-side compar-
isons with our full radiation transport models.

Among general relativistic models that employ the M1 ap-
proximation, there are two main classes of solutions depend-
ing on whether the system evolves into the magnetically ar-
rested disk (MAD) regime (Tchekhovskoy et al. 2011).

When the system remains in the SANE regime, the accre-
tion disk is generally geometrically and optically thick, with
output luminosity typically beamed along the polar axis and
characterized by very low radiation efficiency (<1%; McK-
inney et al. 2014; Sadowski et al. 2014; Sadowski & Narayan
2016; Narayan et al. 2017; Utsumi et al. 2022). In these
systems, radiation becomes trapped in the inner disk and is
highly advective, with advection dominating over diffusion
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as the primary mechanism of thermal energy transport. The
total luminosity efficiency (including contributions from both
radiation and kinetic outflows) remains at a few percent and
increases with black hole spin, primarily due to enhanced jet
power. These results are broadly consistent with the physical
picture found in our models.

However, all of our super-Eddington simulations start from
arelatively thin torus, with geometrically thick structures de-
veloping only after the system reaches a steady state. In con-
trast, these M1-based models are initialized with a hot, geo-
metrically thick disk, where the long thermal relaxation time
can result in an outgoing radiation field dominated by cooling
of the initial disk rather than by accretion-powered emission.

Although Fragile et al. (2025) also reported a series
of models initialized with super-Eddington accretion flows
across a range of accretion rates, all of these settle into
the near-Eddington regime through self-regulation by out-
flows. The initial conditions are based on a generalized
a-prescribed analytical thin disk model. As these systems
evolve into the near-Eddington regime, the accretion flows
remain geometrically thin and exhibit high radiation effi-
ciency, ranging from 30-70%. We observe similar behavior
in our near-Eddington models, which briefly enter a mildly
super-Eddington phase before settling into the final steady
state. A detailed discussion of these results is beyond the
scope of this paper and will be presented in Paper III.

On the other hand, a geometrically thin MAD disk solu-
tion can typically be established when the system is initial-
ized either with a single-loop magnetic field in a thick torus
(e.g., Narayan et al. 2017) or with additional vertical mag-
netic flux in a thin torus (e.g., McKinney et al. 2015, 2017;
Curd & Narayan 2023). These systems are generally much
more radiation efficient (=10%) and in some cases achieve
efficiencies as high as ~80% (McKinney et al. 2017; Curd
& Narayan 2023), although the measured efficiency may be
affected by the numerical floor imposed near the horizon
(McKinney et al. 2017).

With a spinning black hole, jet formation can help evacu-
ate the polar funnel region, allowing radiation to stream out
freely (McKinney et al. 2015; Narayan et al. 2017). However,
this alone does not fully account for the high radiation effi-
ciency, as similar jet-clearing effects are also present in our
SANE models. This suggests that MAD accretion flows are
intrinsically more dissipative, without accounting for numer-
ical dissipation in the strongly magnetized plasma. Nonethe-
less, our simulations exhibit a trend of increasing radiation
efficiency as the funnel opens at lower accretion rates, con-
sistent with the argument of McKinney et al. (2015) that a
low-density channel can enhance radiation efficiency.

In addition, an optically thick, magnetized wind can de-
plete the surface mass density, reduce the disk’s optical
depth, and advect radiation outward (McKinney et al. 2015).
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This mechanism, however, is not unique to the MAD regime
— a non-MAD, magnetically dominated disk in Jiang et al.
(2025) shows similar behavior. In some cases, the disk sur-
face can even become optically thin, further enhancing ra-
diative efficiency and altering the emergent spectrum (Curd
& Narayan 2023). These disks also exhibit strong variabil-
ity in radiation luminosity, a feature uniquely associated with
magnetic flux eruptions in the MAD regime. This variability
may serve as an observational diagnostic to distinguish MAD
accretion flows from our SANE models.

5. CONCLUSIONS

In Paper I, we presented a parameter survey of black
hole accretion in the radiation-dominated regime, covering
a broad range of accretion rates, black hole spins, and mag-
netic field topologies, using full-transport radiation GRMHD
simulations. In this paper, we establish a unified analysis
routine and provide a comprehensive analysis of the super-
Eddington accretion models, including convergence studies
in both spatial and angular resolution, along with two addi-
tional non-radiative models at different spins for comparison.

Our main results for super-Eddington models are as fol-
lows:

* Super-Eddington accretion develops geometrically
thick disk structure supported by radiation pressure, re-
gardless of magnetic field topologies. Radiation in the
inner disk is largely trapped within the optically thick
inflow.

Radiation generated by the accretion process drives
significant outflows. Along the disk surface, the un-
bound wind propagates outward at mildly relativistic
speeds, undergoing gravitational deceleration and ra-
diative cooling. Near the polar regions, these optically
thick outflows form conical funnels that (1) limit pho-
ton escape, resulting in low radiation efficiency, and
(2) collimate the outgoing radiation, producing strong
beaming effects.

Radiation-dominated accretion flows are highly turbu-
lent, with thermal energy transport dominated by radi-
ation advection in the main body of the disk. Radia-
tion diffusion becomes important only near the photo-
sphere.

* The accretion process is driven by outward angular
momentum transport, primarily via Maxwell stress and
secondarily via turbulent Reynolds stress, while radi-
ation stress is nearly negligible. In the main body of
the disk, angular momentum is predominantly carried
away by turbulence (through the turbulent components
of Maxwell and Reynolds stresses), while near the disk

surface, mean-field Maxwell stress becomes the domi-
nant transport mechanism.

A strong jet forms near a spinning black hole with
sufficient poloidal magnetic fields, evacuating the fun-
nel and allowing radiation to escape from the inner
disk through strong geometric beaming. In contrast, a
weak jet, driven by both magnetic and radiative forces,
fails to clear the funnel. In this case, the inner disk
is obscured by radiation-driven outflows, and the pho-
tosphere extends to a height of over a hundred gravi-
tational radii above the horizon. The power of strong
jets is comparable to or exceeds the radiation luminos-
ity, whereas that of weak jets is nearly negligible.

In the plunging region, fluid profiles remain continu-
ous across the ISCO, with angular momentum extrac-
tion dominated by Maxwell stress. Spiral structures
emerge due to local compressive effects and transport
angular momentum outward. These spiral waves ex-
hibit a 90° phase offset between density and velocity,
similar to density waves.

We also summarize the results relevant to numerical per-
formance, broader applications, and model comparisons as
follows:

* All simulations have quality factors that exceed the
standard criteria for resolving both MRI and the ther-
mal scale height. However, the intermediate-resolution
models show slightly higher accretion rates than their
low-resolution counterparts, likely due to enhanced an-
gular momentum transport from better-resolved small-
scale turbulence. Fully capturing such turbulence
would require resolving down to the radiation viscous
length scale, which is more feasible in local shearing-
box calculations than in global simulations.

e The radial profiles of temperature, pressure, and
stress, averaged over the disk closely follow power-law
trends. The fitted power-law indices are reported in Ta-
ble 1 and Table 1 of Paper I, providing useful inputs for
developing or testing analytical models.

Our super-Eddington models, featuring both strong
and weak jet formation, are applicable to a variety of
astrophysical systems, including ULXs, LRDs, TDE:s,
and BHBs. These observational applications are dis-
cussed in detail in Section 4.4 and Section 4 of Paper L.

Despite fundamental differences in dynamics, super-
Eddington models closely resemble their non-radiative
counterparts in terms of disk morphology, pressure
profiles, and angular momentum transport. The key
differences in radiative models arise from radiation



dominance: (1) thermal pressure is primarily set by
radiation rather than gas, (2) radiation-driven unbound
outflows reach larger distances, and (3) the accretion
flow is significantly more inhomogeneous due to en-
hanced compressibility.

Our numerical results agree well with the slim disk
model when outflows have limited influence on the
disk structure. However, when outflows become sig-
nificant, their effects must be included to accurately
capture the disk profiles.

The physical picture emerging from our super-
Eddington models is broadly consistent with previous
non-relativistic models using full radiation transport,
as well as with other relativistic SANE models using
the M1 closure. However, unlike earlier SANE sim-
ulations initiated with a geometrically thick torus, our
models begin with a relatively thin torus, ensuring that
the resulting radiation luminosity primarily reflects the
accretion process rather than the initial conditions.

None of our super-Eddington models reach the MAD
regime. In contrast, previous M1-based MAD simu-
lations rely on specific numerical setups, such as in-
jecting additional vertical magnetic flux or initializing
with a geometrically thick single-loop field, to ensure
sufficient magnetic flux in the accretion flow. A com-
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prehensive discussion of model comparisons can be
found in Section 4.6 and Section 3.6 of Paper I.
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APPENDIX

A. TREATMENT OF COMPTON COOLING

Since radiation GRMHD is not scale-free, a density unit must be set to specify the accretion rate. However, this becomes
problematic at high accretion rates. In low-density regions limited by the numerical floor, a large density unit can artificially
enhance gas-radiation coupling and increase the optical depth. This leads to several numerical issues, including: 1. artificial
heat dissipation in jet and corona regions via the Compton process; 2. artificial Thomson scattering in vacuum regions, which
prevents radiation from freely streaming; 3. spurious radiation generation in low-density regions, where the gas temperature is
set by imposed density and pressure floors.

In principle, these issues can be mitigated by lowering the density floor. However, this would require an extremely small
value to address all the problems above, which could in turn introduce more severe numerical issues in the highly magnetized
funnel region. Therefore, we apply a density reduction when computing the gas-radiation interaction coefficients (i.e. pk) in
low-density regions. This approach allows gas-radiation coupling in low-density regions to be evaluated using a lower, more
physically realistic density, thereby avoiding excessive coupling caused by the high density unit. A key advantage of this method
is that it does not alter the fluid density in the GRMHD equations nor affect the disk region where the density remains sufficiently
high.

We first define a truncation density pirunc, below which the density used to compute the radiation interaction coefficients is
reduced towards a more physically realistic value (e.g., the Goldreich-Julian density), given by

OmTtrunc

Ptrunc = m P (pﬂoor < Ptrunc < ptrunc,max) (Al)
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Figure 22. Density rescaling applied for gas-radiation coupling in model E150-a9. The x-axis represents the input density, and the y-axis
shows the rescaled output density. Magnetization increases from left to right panels, as labeled by titles. The reduction follows (A2) using
parameters: Tirunc =9€-4, Ptrunc,max =1€-7, Ptrunc,max =1€-4, Pop,min =1e-14, and € = 0.01 (in simulation units). Line colors indicate
different levels of mesh refinement. The horizontal dashed line marks the density threshold at which rescaling begins for the highest refinement
level.

where Al is the cell size, and Ty, is the maximum optical depth per cell that permits free-streaming radiation. The truncation
density is weighted by the magnetization factor, defined as o, = b”b, /(pc?), allowing more aggressive density reduction in
strongly magnetized regions. To prevent over-reduction, it is constrained between the numerical floor pg.or and a physical upper
limit p¢runc,max, Which represents the lowest reliable density in the funnel or corona region.

The density rescaling is applied using a customized sigmoid function:

Ig Pop = lgp — Creduce(lg Proor — 1g pop,min) , (A2a)
-1
1
Creduce =1- {1 + €xXp |:_W (lgp - lg pshift):| } ) (Azb)
1 runc
18 psnife =18 pmin + 5 18 (iﬁ_) ; (A2c)

W=l <p“‘“‘c)/1og <1 - 1) , (A2d)
2 Ploor 3

where p,;, denotes the reduced density used to compute the radiation interaction coefficients. We adopt the Goldreich-Julian
density as the minimum physically allowed density pop min for gas-radiation coupling. The small parameter €, constrained to be
less than 0.5, controls the width of the sigmoid transition.

In Figure 22, we use model E150-a9 to illustrate the density rescaling applied for gas-radiation coupling. This rescaling is
inactive in weakly magnetized or high-density regions, and therefore does not affect most of the disk body. As magnetization
increases, the density is progressively reduced in low-density regions to mitigate excessive gas-radiation coupling. This approach
is particularly effective at suppressing artificial heat dissipation via Compton process and enabling free-streaming radiation in the
funnel region, where the density floor fails to reflect the true low-density environment.

For example, Figure 23 presents a side-by-side comparison of models with and without density rescaling in the gas-radiation
coupling. This test is based on model E150-a9-LR, initialized from its starting condition. From left to right, the panels show
azimuthally averaged gas density, flux-mean optical depth per gravitational radius, and gas temperature at ¢ = 250007 /c. In
each panel, the right half displays results with density rescaling applied, while the left half shows results without it. The most
significant difference appears in the funnel-region gas temperature: the model with density rescaling exhibits temperatures higher
by two orders of magnitude near the jet core. This difference arises because the gas-to-radiation temperature ratio is extremely
large in the jet region, making Compton cooling highly sensitive to the local gas density. However, the gas density in this region
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Figure 23. Comparison of models before and after applying density rescaling to the radiation source terms. From left to right, panels show
panels show azimuthally averaged 2D profiles of gas density, flux-mean optical depth, and gas temperature at t = 250007 /c. Mesh blocks are
overplotted as gray boxes to indicate levels of static mesh refinement. In each panel, the left half shows results without density rescaling, while
the right half shows results with rescaling applied to the gas-radiation coupling.
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Figure 24. Identification of the relativistic jet region. The panels zoom in on the jet region from left to right, with gray dashed lines indicating
the disk surface. The blue contour outlines the strongly magnetized region, where the magnetic energy exceeds fluid rest-mass energy. Red
streamlines trace the velocity field originating from the this region, and orange lines define the jet boundary based on the outermost streamlines.

is artificially limited by the numerical floor, which fails to capture the true low-density environment. When combined with a
high-density unit, the floor imposes excessive Compton cooling. Furthermore, the inflated density enhances scattering, which
slows jet propagation and suppresses radiation free-streaming. These effects are particularly pronounced in the lower-refined
regions.

B. IDENTIFICATION OF THE JET REGION

To identify the jet region, we begin with the strongly magnetized inner funnel, from which the relativistic jet is launched.
However, this magnetization criterion only captures the innermost part of the jet. At larger radii, the jet loses magnetic confine-
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ment and transitions to free streaming. To determine the full jet extent, we trace velocity streamlines outward from the strongly
magnetized region, with the outermost streamlines defining the jet boundaries.

An example of this identification process is shown in Figure 24. The panels progressively zoom in on the relativistic jet from
left to right. The blue contour marks the surface where magnetic energy equals gas rest-mass energy. Red streamlines trace the
velocity field originating from this contour, while the solid orange lines denote the jet boundaries identified by this method.

C. COMPUTATION OF EFFECTIVE VISCOSITY IN GENERAL RELATIVITY

Effective viscosity is a local property of the accretion flow that characterizes angular momentum transport relative to the mean
flow, and thus must be evaluated in a co-rotating frame. This requires a well-defined mean flow, typically taken as the azimuthal
average under the assumption of axisymmetry. Although this assumption may break down in misaligned or intrinsically non-
axisymmetric systems, our simulations focus on approximately axisymmetric configurations, allowing its use. Following Krolik
et al. (2005) (see also Penna et al. 2013; White et al. 2019), we compute the effective viscosity in Boyer-Lindquist coordinates,
as summarized below. We begin by converting the four-velocity from spherical Kerr-Schild to Boyer-Lindquist coordinates as
follows:

2Mr
t t T C3
UBL T T oM+ a2 (C3a)
ugp, = u" (C3b)
U%L = ua s (C3C)
Y L — (C3d)

Given the mean flow defined as the azimuthal average, the components of the mean four-velocity in Boyer-Lindquist coordinates
are

BL BL 2 BL
_ 9o~ _ 9~ _ 9o (—¢ \? 1
Uy, = —ppipy, + BL gy, | + BL (“gL) +—=n> (Cda)
9t Gt Gt Gt
ugr, =0, (C4b)
EBL - O 5 (C4C)
5 <wdiskU§L>¢
g = ———— | (C44d)
BL <wdisk>¢
where the time component is determined by the normalization condition gE‘fjﬂgLﬂ”BL = —1, given the specified spatial compo-
nents. For reference, the relevant Boyer-Lindquist metric components are
2Mr
BL
—— (1= C5
It ( r2 + a2 cos? 6) ’ (C5a)
2Mra? sin® 0
BL 2 2 .2
_ 0 C5b
9o (T +a +r2+a2c0829> in“ 6, (C5b)
2Mrasin® 0
BL
- _ . C5
Ito r2 4+ a2 cos2 6 (€50)

With the mean-flow four-velocity defined above, we perform the frame transformation to the co-rotating tetrad frame using

ef = (ﬂELaﬂTBLaﬂeBLvﬂﬁL> ) (C6a)
s

er = N, (Q?L@tBLa 1+ Mgy, + gV agy,, 0, ﬂﬁLﬂgL) , (Cob)
1 / pr_ _BL_r _BL - _BL -

el = i (u?LutBL,ueBLugL, 1+ ugLueBL,ugLuﬁL> : (Céc)

_BL

1 u

H=—|—=2_001], C6d
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where the tilde denotes quantities in the co-rotating tetrad frame, and the normalization coefficients are defined as

ity aPY + uf, uB"
o UmLU BLls (CTa)
‘utBLut +“BLU¢
2
N, = \/uBLuBL (uBLut + uBLu ) + gB! ( Loubt + uBLu2L> , (C7b)
Np = \/gBF (1+ ay abt) (CTe)
ZBLY 2 ~BL
u u
N3 = | gii" <u§L> - 295y (u§L> +95% - (C7d)
¢ ¢

Therefore, the frame transformations of four-velocity, four-magnetic field, and radiation stress-energy tensor are given by

uh = 77‘“’9556 ugL , (C8a)
bt = pht gaﬁ e“bBL , (C8b)
RA? = piiyB oo Ze3RoN - (C8c)

where nf¥ = diag(—1,0,0,0) is the Minkowski metric representing the locally flat spacetime. With all relevant quantities
defined in the co-rotating frame, the effective viscosity is measured as the local angular momentum flux scaled by the total

pressure, given by
. e T
ax(r, 9) = X ) ag{ (r,0) = 2 ) (C9)
Ptot ® Ptot ®

where the subscript ‘X’ denotes any contributing component. Recall that the viscosity can also be approximated directly from
the coordinate-frame angular momentum flux, as given in equation (13). In Figure 25, we compare the viscosity measured in the
co-rotating frame (top panels) with that in the coordinate frame (bottom panels). The results within the disk body (enclosed by
the solid cyan lines) are nearly identical.

D. GENERAL RELATIVISTIC FOUR-FORCE

The four-force equation can be derived by projecting the stress-energy equation onto a spacelike direction orthogonal to the
local four-velocity u* (Moller & Sadowski 2015; White et al. 2020; Utsumi et al. 2022). Starting from the conservative form of
the stress-energy equation,

v -G, =0, (D10)
we apply the projection P = ¢g*¥ 4+ u“u”, which decomposes the stress-energy equation into different components:
PV p(wuruy, ) + PNV, Py + P (Vy, Py, — V,U1'0,) = PG, =0, (D11)
— \—/—/ ~——
acceleration + frame gas magnetic radiation

where each term is labeled to indicate its physical origin. The first term represents the four-acceleration and the frame force, and
can be expressed in the form of the geodesic equation as:

d (o3
PV (wutu,) = w (d + I, uu” ) . (D12)
T
The radiation source term can be directly computed as:
PYG, =P (Xr + X1)u’ Ryo - (D13)

This leads to the final form of the equation, which can be interpreted as a geodesic equation sourced by various four-forces:

du®

1 1 1 1
—— = I =PV, Py ——PV, Py + =PV ,b'b, +—P* (Xr + X1) v Ruo - (D14)
dr — W w w w

frame gas pressure magnetic pressure magnetic tension radiation
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Figure 25. Consistency check between the effective viscosity measured in the co-rotating frame (top row) and approximated by coordinate-
frame angular momentum flux scaled by total pressure (bottom row) for model E88-a3. All quantities are averaged temporally and azimuthally.
Definitions of angular momentum flux are provided in Section 3.5, and the method for measuring viscosity in the co-rotating tetrad frame is
detailed in Appendix C.

Each labeled four-forces reduces to its Newtonian counterpart in the appropriate limit. This formulation is particularly useful,
as it is equivalent to the stress-energy equation solved in the simulations, providing clear insight into the influence of individual
physical components on the flow evolution. It also connects naturally to Newton’s second law, facilitating physical interpretation.

However, it is important to recognize that both the frame force and magnetic tension force can depend on the choice of metric,
leading to different physical interpretations. For example, in the spherical Kerr-Schild (SKS) metric, the frame force includes an
additional centrifugal component due to the rotating frame, which is absent in the Cartesian Kerr-Schild (CKS) metric. Similarly,
the magneto-centrifugal component of the magnetic tension force appears in the partial derivative terms of the four-magnetic
field in the CKS metric, but is absorbed into the affine connection terms in the SKS metric. Therefore, these subtleties must be
carefully considered when interpreting physical processes within a specific coordinate framework.

E. ENERGY FLUX DECOMPOSITION IN DISK, WIND, AND JET REGIONS

To analyze the energetics in the steady state, we need to examine the energy flow across each region (i.e. disk, wind, and
jet) and identify the dominant heating and cooling mechanisms. Accordingly, we categorize the energy transport rates into the
following components: fluid rest-mass advection, gas thermal energy advection, magnetic advection, radiation advection, kinetic
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energy advection, magnetic convection, and total radiation energy transport, defined sequentially as follows:

Efrone) = — / (puug), /—gdfdo , (E15a)
(zone v r
B = TS -1 (Pyu"us)y v/ —gdfdg (E15b)
E{zone) = — / (0o u"ue), /—gdods , (E15¢)
zone
(zone) 4 = p
Egad =73 (Eu"up), v/—gddg (E15d)
zone
EG) = / (—pu” (ue + V=git) ), V—9dbd , (E15e)
zone
B = / (b"br), /—gdbde (E15f)
zone
EE) = — / (R",), V/—gdfde , (E15¢)
zone

where ‘zone’ refers to the integration domain defined as the disk, wind or jet region. The radiation energy density E,. is computed
by integrating the radiation intensity I over the solid angle € in the fluid frame (denoted by bars). The radiation stress-energy
tensor R is obtained through a second-order angular integration of the tetrad-frame intensity I. Each energy transport rate is
calculated by performing a spherical integration at a specified radius within the corresponding zone. Note that the rest-mass
advection term (E15a) includes contributions from rest-mass energy, gravitational binding energy, and kinetic energy.

In the disk region, the total energy transport rate is decomposed into the following components:

rad erad

FisR) _ fpldisl) Elg/cli;ik) I ( Fp(disk) E(disk)) ’ (E16a)

where E'g‘gfk) represents the total energy input from the accretion process, defined as:

E{

S = BSRY + BGRY + EG) + EG (E16b)
Within the disk, since radiation and fluid are well-coupled, radiation advection is included in the total enthalpy. This contribution
is then subtracted from the total radiation energy flux to isolate the term that corresponds to radiation diffusion in the classical
limit.

In the wind and jet regions, where radiation and gas are largely decoupled, radiation energy transport is treated separately.
To evaluate the energy carried by the outflow, the kinetic energy component is explicitly extracted, while the advection and
convection of the magnetic field are combined to compute the Poynting flux. Accordingly, the total energy transport rate is
partitioned as follows:

Blne) = (B — B ) + B + G + BGy + B (E172)
Ezne) = EEone) + B (E17b)
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